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N O N - C L A S S I C A L  PROBLEMS AND METHODS I N  PERTIIRBATION T H E O R Y 1  

A.  N .  Panchenkov 

ABSTRACT. T h e  a u t h o r  considers  t h e  problem of  "complete" 
approximation of  a boundary value problem i n  some region of  
t h e  Eucl idian o f  a n e w  boundary value problem. T h e  c r i t e r i a  
f o r  a uniform approximation a r e  s a t i s f i e d  by a1 lowing freedom 
i n  t h e  s e l e c t i o n  o f  t h e  mapping of t h e  Eucl idian space i n t o  
t h e  n e w  space a s  w e l l  a s  i n  t h e  choice of  t h e  n e w  d i f f e r e n t i a l  
o p e r a t o r ,  t h e  boundaries of  t h e  region and t h e  boundary 
cond i t ions .  T h e  complete approximation i n  t h e  n e w  space 
y i e l d s  a l i n e a r  problem w h i c h  leads t o  s a t i s f a c t o r y  r e s u l t s  
i n  physical  space f o r  s u f f i c i e n t l y  l a rge  p e r t u r b a t i o n  
parameters.  T h e  Poincare-Lighthil l-Go method i s  an exampl-e 
of a procedure based on the idea of complete approximation. 
Problems i n  hydrodynamics which may b e  solved by t h i s  method 
a r e  examined. 

The most u n i v e r s a l l y  used method f o r  so lv ing  boundary va lue  problems i n  / 9 *
mathematical phys i c s  with s m a l l  p e r t u r b a t i o n s  i s  t h e  method of  c o n s t r u c t i n g  
a formal s o l u t i o n  as a s e r i e s  i n  p o s i t i v e  hours o f  a small parameter of  t he  
problem. The f irst  approximation of  t h i s  method which y i e l d s  a s o l u t i o n  with 
an accuracy t o  terms of t h e  f i r s t  nega t ive  o rde r  of  magnitude o r d i n a r i l y  co r re ­
sponds t o  some l i n e a r  problem, and an i t e r a t i o n  process  o f  t h e  formal a lgori thm 
f o r  a method i n  p e r t u r b a t i o n  theory gives  r e s u l t s  of  h ighe r  approximations.  

In eva lua t ing  t h e  advantages of methods i n  p e r t u r b a t i o n  theo ry ,  two prob­
lems must be s t u d i e d :  1) t h e  a c t u a l  p o s s i b i l i t y  of  f i n d i n g  t h e  r e s u l t s  of  
h ighe r  approximations; 2 )  t h e  t h e o r e t i c a l  p o s s i b i l i t y  o f  f ind ing  t h e  r e s u l t s  
of h ighe r  approximations.  

A s e r i e s  o f  p o s i t i v e  powers o f  a small  parameter g ives  a formal s o l u t i o n  
f o r  t h e  problem, but  t h e r e  i s  a sha rp  i n c r e a s e  i n  t h e  d i f f i c u l t y  of  cons t ruc t ing  
t h e  inve r se  o p e r a t o r  with a t r a n s i t i o n  from t h e  f i r s t  t o  h ighe r  approximations.  
For t h i s  reason only f irst  approximation t h e o r i e s  are completely worked ou t  i n  
most cases  ( f o r  i n s t a n c e  t h e  theory of  small amplitude waves i n  a heavy l i q u i d ) .  

Cases a r e  desc r ibed  i n  t h e  l i t e r a t u r e  where formal s o l u t i o n s  o f  h ighe r  
approximation have not  improved on t h e  accuracy o f  t h e  f irst  approximation. In 
t h i s  ca se  we a r e  running up a g a i n s t  problems i n  which it was fundamentally 
impossible  t o  improve on t h e  r e s u l t s  o f  t h e  f i r s t  approximation by an o rd ina ry  
method i n  p e r t u r b a t i o n  theo ry .  Let us  formulate  cond i t ions  which when s a t i s f i e d. . -~ 

'Report given a t  t h e  World Congress o f  Mathematicians i n  Moscow i n  1966. 
*Numbers i n  margin i n d i c a t e  pag ina t ion  i n  f o r e i g n  t e x t .  
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w i l l  open up t h e  fundamental p o s s i b i l i t y  o f  r e a l i z i n g  a formal a lgori thm of  a 
method of  p e r t u r b a t i o n  theory,  and examine t h e  problem of “completett approxi­
mation o f  a boundary va lue  problem by a new boundary va lue  problem. 

Let R and Ro  be  regions of Euc l id i an  space R3 whose boundaries belong t o  /10 
t h e  class 2,: 

Let us des igna te  by c l a s s  2 regions bounded by a f i n i t e  number o f  simplem 
c losed curves i n t e r s e c t i o n  i n  p a i r s  [l].  

Each curve which makes up p a r t  of t h e  boundary o f  region R i has a f i n i t e  

length,  and t h e  func t ion  xi = x .
1

(s) which determines t h i s  curve has continuous 

d e r i v a t i v e s  t o  o rde r  m i n c l u s i v e  (s i s  t h e  a r c  length reckoned from a f i x e d  
po in t  on t h e  cu rve ) .  

Let us cons ide r  two s e t s  i n  the  space C 2 ( R . )  : 
1 

The s e t s  Oi s a t i s f y  d i f f e r e n t i a l  equat ions of t h e  second o rde r  

and t h e  boundary cond i t ions  

.on t h e  boundaries Bi E 2,. 

Let P be t h e  mapping + RO1, and B01 E 2, be t h e  boundary o f  t h e  region 

R u l .  
Let us in t roduce  i n  spaces C2(ao n a,,] and R 3  t h e  me t r i c s  

2 
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where t h e  p o i n t s  g(x,)i and g(xi 2) are t h e  i n t e r s e c t i o n s  o f  s u r f a c e s  B0 and B O 1  
r e s p e c t i v e l y  by t h e  normal t o  t h e  s u r f a c e  BO1. 

L e t  us assume t h a t  t h e  func t ion  Q0 g ives  a uniform approximation i n  t h e  

r eg ion  R 0: 

P O  ==GIo -I+, 0 ( C Y )  g E R,. 

where 

I f  t h e  cond i t ions  

a r e  s a t i s f i e d  which a r e  necessary f o r  f i n d i n g  s o l u t i o n s  o f  t h e  problem by 
p e r t u r b a t i o n s  methods, t h e  ques t ion  of  t h e  approximation with t h e  g r e a t e s t  
exponent y becomes important .  

In c l a s s i c a l  p e r t u r b a t i o n  theo ry ,  t h e  mapping P E 1 and l i n e a r  t h e o r i e s  
as a f i r s t  approximation i n  methods of p e r t u r b a t i o n  theo ry  g ive  an approximation 
with an exponent y = 1 i n  most c a s e s .  

Complete approximation means t h a t  with f r e e  s e l e c t i o n  o f  t he  mapping P ,  
an at tempt  may be  made t o  s e l e c t  t h e  mapping P and t h e  o p e r a t o r s  To and KO i n  

such a way t h a t  t hey  guarantee t h e  g r e a t e s t  exponent y .  

I f  t h e  p e r t u r b a t i o n  algori thm i n c r e a s e s  both exponents a and 8 ,  t h e r e  w i l l  
a l s o  be  an i n c r e a s e  i n  exponent y ,  whereas i f  t h e  algori thm i n c r e a s e s  only one 
exponent, t h e  r e s u l t s  o f  higher  approximations w i l l  y i e l d  t h e  same accuracy as 
t h e  f i r s t  approximation. In  t h i s  r ega rd ,  i t  i s  necessary t o  c o n s t r u c t  an 
algori thm o f  p e r t u r b a t i o n  theory which i n c r e a s e s  exponents a and 8 ;  such an 
algori thm may be constructed by in t roduc ing  t h e  mapping P f 1. Closes t  t o  t h e  
i d e a  of complete approximation i s  t h e  Poincare-Lighthil l-Go method [8]. 

L e t  us examine t h r e e  problems of aerohydrodynamics i n  which t h e  method o f  
complete approximation has been used t o  f ind  some i n t e r e s t i n g  r e s u l t s  i n  t h e  
f i r s t  approximation [S, 61. 

3 



I Ill 

Non-1 i near Theory o f  a Suppor t ing  Sur face o r  A r b i t r a r y '  Extens i o n  

Linear t h e o r i e s  have been developed i n  cons ide rab le  d e t a i l  i n  t h i s  problem, 
bu t  t h e r e  a r e  no s t r i c t  s o l u t i o n s  of  t h e  n o n - l i n e a r  problem. 

Let u s  assume t h a t  t h e  flow t o  be  considered i s  Baltrami flow. Since it 
i s  c l e a r  from t h e  p h y s i c a l  essence of  t h e  problem t o  be  considered t h a t  t h e  
g r e a t e s t  e f f e c t  w i l l  b e  from t h e  presence o f  t h e  downwash angle  a t  i n f i n i t y  
behind t h e  wing and t h e  d e v i a t i o n  o f  t h e  v o r t e x  s h e e t  from t h e  p l ane  OXZ, l e t  
u s  examine t h e  mapping with deformation of t h e  coordinate  Z a l o n e .  

To s a t i s f y  t h e  second cond i t ion  l e t  u s  take  t h e  r e l a t i o n s h i p  f o r  t h e  
coord ina te  i n  t h e  form 

F o r  a c c e l e r a t i o n  p o t e n t i a l ,  t h e  boundary value problem i s  formulated i n  
t h e  fol lowing way: 

Here L1 i s  t h e  t r a i l i n g  edge o f  t h e  suppor t ing  s u r f a c e  and t h e  las t  

condi t ion i s  t h e  cond i t ion  of  t h e  Zhukovskiy-Chaplygin p o s t u l a t e .  

Boundary value problem (1) i n  the  new space i s  equivalent  t o  t h e  l i n e a r  
boundary va lue  problem f o r  t h e  support ing s u r f a c e  [ 7 ] .  By so lv ing  problem (1) 
by ordinary methods i n  space R 3 ,  we g e t  a two dimensional i n t e g r a l  equat ion 

where A(q) i s  t h e  r e l a t i v e  long i tud ina l  extension i n  c r o s s - s e c t i o n  Q. 

4 
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To approximate a wing o f  small extension w e  have a one-dimensional 
i n t e g r a l  equat ion 

whose s o l u t i o n  g ives  t h e  va lue  of  t he  l i f t  f a c t o r  f o r  a hing o f  small  extension 

Sl!l ,K,c 
0 . 
. 

-
. %,;,;-. 

where 

The func t ion  $I 3 is  computed as  

he re  

where a = 1 f o r  a wing with a rounded edge; a = 2 f o r  a wing with a sharp 
t r a i l i n g  edge. 

The r e s u l t s  of t h i s  s o l u t i o n  agree s a t i s f a c t o r i l y  with experimental  da t a  
on wings of  small  extension (Fig.  1) .  

Supporting Surface i n  a Near Sonic Gas F l o w  

The problem of motion of a body i n  a subsonic  gas flow [6]  was considered 
as a problem i n  which t h e  o p e r a t o r  T v a r i e s .  

The motion of  t h e  f l u i d  i s  descr ibed by t h e  func t ion  + E C 2 ( Q )  which sat is­
f ies  t h e  non l inea r  equat ion o f  gas dynamics [ Z ] :  

[l -M2-~;14?(y + 11 y)zJ v.yx-I- 3.- (pzz -t- 0 ( ~ 7 )=-& 0, where I I +  I I - 1. 
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The mapping P - l  i s  considered with components : 

3 
I n  t h e  new space R1 i n  t h e  f i r s t  approximation we g e t  A$ = 0,  gERo,  and 

f o r  t h e  func t ion  F we g e t  t h e  equat ion 

I f  we t a k e  t h e  f u n c t i o n  F i n  t h e  form 

we have f o r  t he  cons t an t s  K and B 

To d e f i n e  the cons t an t  c we assume t h e  cond i t ion  

FE(--- k ,  0) =.= 0.  

Summing up t h e s e  r e s u l t s  we f i n d  t h a t  t h e  problem of  gas dynamics i s  formulated 
i n  space R 31 f o r  t he  Laplace equat ion,  and t h e  coord ina te  t ransformation 5 + x 

t akes  t h e  form 

For small p e r t u r b a t i o n s  t h i s  expression becomes a well-known transformation 
which leads t o  t h e  Prandt l -Glauert  dimensionless number. 

We s h a l l  no t  dwell  on t h e  methods f o r  so lv ing  t h e  corresponding boundary 
value problems, bu t  s h a l l  merely g ive  a number o f  f i n a l  r e s u l t s  which show t h e  
e f f e c t i v e n e s s  of  t h e  method. 

6 



According t o  t h e  theory 
under cons ide ra t ion ,  t.he 
p r e s s u r e  c o e f f i c i e n t  i s  

Spec ia l  ca ses  : 

1. F o r  a symmetric e l l i p ­
t i c a l  f o i l  i n  a p l ane  p a r a l l e l  
flow, we g e t  t h e  dimensionless 
equat ion 

Figure 1 .  Comparison o f  Theore t i ca l  and 
Experimental Data on Wings o f  Small Exten­
s ion  ( t h e  broken l i n e  i s  computed from l i n e a r  where 6 i s  t h e  r e l a t i v e  t h i c k -
t h e o r y ) :  1 ,  X = 1 ;  2 ,  = 0.5.  ness  of  t h e  wing. 

I t  follows from t h i s  equat ion t h a t  i n  t h e  region 

t h e  Prandt l -Glauert  number a p p l i e s ,  while  i n  t h e  r eg ion  

we g e t  t h e  near  s o n i c  dimensionless  parameter 

from t h e  equat ion.  

2 .  For  a t h i n  wing i n  p l ane  flow, we f i n d  t h a t  t h e  gene ra l  dimensionless 
number i s  t h e  Prandt l -Glauert  numbeqwhile  t h e  p re s su re  c o e f f i c i e n t  should be 
c a l c u l a t e d  from t h e  formula 

/ I 6  

t o  account f o r  non- l inea r  e f f e c t s ,  where C i s  t h e  p r e s s u r e  c o e f f i c i e n t  i n  an 
incompressible  l i q u i d .  PO 

7 

/15 



A comparison o f  t h e  r e s u l t s  of  computation by t h e  formula with kn.own 
s o l u t i o n s  i n  gas dynamics [3] shows t h a t  they  ag ree  s a t i s f a c t o r i l y  even f o r  
p e r t u r b a t i o n s  of t h e  o r d e r  of  1 (Fig.  2 ) .  

- ....... 

c,=- 0.73 

. ­

. . . .  

. . .  

. ! 

Figure 2. Comparison of Various Methods f o r  Computing 
the Pressure  Coeff ic ien t  from an incompressible 
L i q u i d  t o  a Gas: 

1 ,  Stack experiment ( p r o f i l e  NACA4412, upper su r face  
CL = 0 ' 1 5 ' ) ;  2 ,  by the  Prandt l -Glauer t  formula; 
3 ,  by the Karman-Chiang formula; 4 , 5 ,  by  G .  A .  
Dombrovskiy's formula; 6 ,  by formula ( 3 2 ) .  

The problem o f  a support ing su r face  i n  a 3-dimensional subsonic  flow was 
a l s  o considered,  and a nonl inear  2-dimensional i n t e g r a l  equat ion was found a s  
w e  11 as  f i n a l  r e s u l t s  f o r  t he  p re s su re  f i e l d  on t h e  wing s u r f a c e .  

T h e  Problem of Waved F i n i t e  A m p l i t u d e  

This problem on t h e  su r face  o f  a heavy l i q u i d  i s  formulated as fol lows 
( F i g .  3 ) .  

A(;;::0 e,E Ql; 

t0,lli -Cpx - \ - (17(C)2 =; 0; 

'6
qlxll;,x -- 'IDx z= 'P, 6 E 

vcr - > o  
x -> 03. 

8 
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Figure 3 .  Coordinate System f o r  Solving the 

Problem o f  Waves on the Surface o f  a L i q u i d .  

Let us l i m i t  ourselves  t o  t h e  approximation 

Then t h e  non l inea r  problem f o r  moderate p e r t u r b a t i o n s  t akes  t h e  form 

L e t  us i n t roduce  a new Euc l id i an  space R 21' For t h e  sake o f  s i m p l i c i t y  we 

again cons ide r  a space with a s i n g l e  d i s t o r t e d  coord ina te  

9 
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I n  space R:, t h e  problem takes t h e  fol lowing form: 

with t h e  mapping 5 -+ x; 

The mapping 5 + x i s  taken from the  cond i t ion  t h a t  t h e  f irst  approximation 
i n  space R 21 should correspond t o  the  c l a s s i c a l  t heo ry  o f  low amplitude waves. 

The shape o f  t h e  p r o f i l e  i n  space R: i s  determined from t h e  formula 

I 
' l b  = 0 1  g E L .  

For the  space R2, we have t h e  pa rame t r i c  r e p r e s e n t a t i o n :  

In  t h e  s imples t  c a s e  of waves with a p o t e n t i a l  i n  space R21 

while  i n  t h e  space R2 

Formulas ( 2 )  d e s c r i b e  t r o c h o i d a l  Gerstner  waves. Thus we f i n d  t h a t  t h e  
f i r s t  approximation i n  space R 21 g ives  t h e  known theo ry  of t rocho ida l  Gerstner  

waves [4]. 

Only t h e  s imples t  example from wave theory has been examined, but  t h e  given 
method may be used f o r  s tudying an extremely broad c l a s s  o f  non l inea r  problems 
which a r e  not  l i k e l y  t o  be  s o l v a b l e  by convent ional  methods. 

Let u s  p o i n t  ou t  i n  conclusion t h a t  t h e  methods of p e r t u r b a t i o n  theo ry  
which a r e  based on complete approximation g ive  f i r s t - approx ima t ion  non l inea r  

10 



s o l u t i o n s  which are s u i t a b l e  f o r  f a i r l y  l a r g e  p e r t u r b a t i o n s .  

There is  a l a r g e  class of  problems i n  mathematical physics  which may be  
s t u d i e d  by t h e  given method. 
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A SUPPORTING SURFACE I N  AN UNSTEADY F L U I D  FLOW 
( A r t i c l e  1) 

A. N .  Panchenkov 

ABSTRACT. T h e  au tho r  p re sen t s  a general  method of  so lv ing  
boundary value problems f o r  small hydrodynamic pe r tu rba t ions  
o f  a support ing s u r f a c e  i n  an unsteady flow. T h e  method is 
based on r ep resen ta t ion  of  t h e  general  s o l u t i o n  i n  t h e  form 
of  three components. T h e  f i r s t  two components g i v e  t h e  
r egu la r  s o l u t i o n s  which desc r ibe  i n e r t i a l  and vo r t ex  motions 
r e s p e c t i v e l y ,  w h i l e  t h e  t h i r d  g i v e s  t h e  s i n g u l a r  s o l u t i o n .  
T h e  problem o f  o s c i l l a t i o n  of a w i n g  i n  an i n f i n i t e  f l u i d  
i s  g i v e n  by way of  example. 

The theory of a wing i n  an unsteady flow has been q u i t e  ex tens ive ly  / 19 
developed [ l - 4 ,  7 ,  S J .  Work which has r e c e n t l y  been done i n  high v e l o c i t y  
hydrodynamics and hydrobionics shows t h a t  t h e  theo ry  o f  a wing i n  an unsteady 
flow demands ex tens ive  i n v e s t i g a t i o n s  t o  develop general  methods and new 
mathematical models which could be used f o r  s o l v i n g  a broad c l a s s  of problems 
on a support ing s u r f a c e  ( r i g i d  and e l a s t i c )  i n  a bounded flow, problems on 
unsteady motions o f  a wing with f i n i t e  p e r t u r b a t i o n s ,  developing a theory f o r  
t h e  t h r u s t  of  a f l app ing  wing, e t c .  

The i n t r o d u c t i o n  of  high speed water v e h i c l e s  has been f avorab le  t o  t h e  
development of a theory of  unsteady motion of  a wing i n  a bounded flow (c lose  
t o  a f r e e  s u r f a c e ,  c l o s e  t o  a s o l i d  s c r e e n ) ,  but  i t  has been found t h a t  t he  
a v a i l a b l e  d a t a  i n  aerodynamics a r e  i n s u f f i c i e n t  f o r  such g e n e r a l i z a t i o n s .  Even 
i n  t h e  case of  p l ane  flow with a closed s o l u t i o n  f o r  t h e  Birnbaum equat ion f o r  
a wing c lose  t o  a d e f l e c t o r ,  new methods must be worked ou t  f o r  approximate 
s o l u t i o n  of t h e  more gene ra l  equat ion.  

The method of a c c e l e r a t i o n  p o t e n t i a l  may be used f o r  so lv ing  the  problem 
of a support ing s u r f a c e  i n  an unsteady flow. This method leads t o  2-dimensional 
s i n g u l a r  equat ions which a r e  extremely d i f f i c u l t  t o  so lve  f o r  a support ing 
s u r f a c e  of a r b r i t r a r y  shape and a r b r i t r a r y  cond i t ions .  

Works 11-41 which t a k e  up t h i s  t heo ry  d e a l  c h i e f l y  Nith t h e  problem of  var­
ious  physical  assumptions and approximations which reduce t h e  2-dimensional 
equat ions t o  1-dimensionz.1 equat ions.  Ho:-ever, as i s  po in ted  o u t  by R .  L. 
Bisspl inghoff ,  H. Ashley and R.  L .  Halfmann [ l ] ,  t h e  problem has been handled / I o  
i n  about 20 d i f f e r e n t  ways and no 2 t r ea tmen t s  g ive  completely i d e n t i c a l  result : ; .  

Beginning with t h i s  paper ,  w e  i n t end  t o  p u b l i s h  a s e r i e s  o f  a r t i c l e s  
dea l ing  with t h e  gene ra l  theory o f  a wing i n  an unsteady flow and with i t s  
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a p p l i c a t i o n s  i n  high v e l o c i t y  hydrodynamics and hydrobionics . 
The approximate o r i g i n a l  p l a n  f o r  t h e  

s t u d i e s  i s  as fol lows:  

1) formal apparatus  of t h e  theory of 
/' .."y s m a l l  p e r t u r b a t i o n s  and gene ra l  r e s u l t s ;  

2)  p lane  problems i n  t h e  theo ry  o f  a wing 

:>' . . - - - = -
X in  an unsteady bounded flow; 

3) gene ra l  s o l u t i o n s  i n  3-dimensional 
.___. problems ;..../ 

4) 1-dimensional approximations i n  t h e  
theo ry  of  a wing of  f i n i t e  span; 

5) numerical r e s u l t s  and a p p l i c a t i o n s ;  

6)  methods of  "complete" approximation and t h e  theory of moderate p e r t u r ­
b a t  i ons  ; 

7) a p p l i c a t i o n s  of  t h e  theory of small and moderate p e r t u r b a t i o n s  i n  
hydrobionics ( the  theo ry  of  f l a p p i n g  f l i g h t ,  t h r u s t  of  a v i b r a t i n g  wing, e t c . ) .  

Works [4-61 con ta in  t h e  b a s i c  r e s u l t s  necessary f o r  r e a l i z i n g  t h i s  program 
t h e  i n i t i a l  d a t a  needed f o r  understanding t h e  m a t e r i a l  which has  been publ ished.  
The mathematical apparatus  o f  t h e  theory of small  p e r t u r b a t i o n s  is  developed 
i n  t h i s  paper.  

The a n a l y s i s  i s  based on t h e  coord ina te  system shown i n  t h e  f i g u r e .  

Let us i n t roduce  t h e  fol lowing b a s i c  n o t a t i o n :  0 ,  a c c e l e r a t i o n  p o t e n t i a l ;  
$I, v e l o c i t y  p o t e n t i a l ;  k ,  S t rouha l  number; N ,  t h e  mapping 0 + $I; N o ,  t h e  

mapping 0 + @ f o r  s t e a d y - s t a t e  flow. 

L e t  u s  assume t h a t  i n  a d d i t i o n  t o  i t s  fundamental t r a n s l a t i o n a l  motion 
with v e l o c i t y  v0' t h e  wing undergoes harmonic o s c i l l a t i o n s  with frequency w. 

We then have f o r  t h e  hydrodynamic p o t e n t i a l  and t h e i r  d e r i v a t i v e s  

We have used t h e  index n t o  des igna te  t h e  d e r i v a t i v e  of  n - th  o r d e r  of  t h e  
func t ions  e and $I with r e s p e c t  t o  t h e  coord ina te  xi. Expressions (1) may be  

used i n  formulat ing t h e  problem f o r  p o t e n t i a l s  B(g) ; F ( g ) .  
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In  t h e  fo l lowing  d i scuss ion  we s h a l l  omit t h e  l ines  above t h e  n o t a t i o n  
f o r  t h e  amplitude func t ions  and w i l l  cons ider  dimensionless  va lues  with a /21
v e l o c i t y  o f  t h e  oncoming flow equal  t o  u n i t y .  

The r e l a t i o n s h i p  between p o t e n t i a l s  e and @ i s  

The boundary va lue  problem f o r  a suppor t ing  su r face  i n  an unsteady flow is  
formulated as  fol lows 

Here R i s  t h e  reg ion  occupied by t h e  f l u i d ;  s
P 

i s  t h e  p r o j e c t i o n  of t h e  

suppor t ing  s u r f a c e  on t h e  s u r f a c e  o f  t h e  undis turbed flow; s o  i s  t h e  bounding 

su r face ;  L is  t h e  t r a i l i n g  edge of s u r f a c e  s
P 
. 

The l i n e a r  ope ra to r  P determines t h e  s t r u c t u r e  o f  t he  boundary condi t ions  
on t h e  bounding s u r f a c e .  For example: 

f o r  a f r e e  s u r f a c e  

f o r  a s o l i d  d e f l e c t o r  

The s o l u t i o n  of  problem (2 )  g ives  an i n t e g r a l  ope ra to r  Ay with domain i n  
the  space L (s ) ,  range i n  t h e  space c2(R) ,  and t h e  p r o p e r t i e s

1 P  
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- -- I - - ... .._. . . 

-

The a d d i t i o n a l  p r o p e r t i e s  of  o p e r a t o r  Ay a r e  def ined by cond i t ion  ( 4 ) .  

Since 

t h e  norm of t h e  func t ion  y(g) i n  s p a c e  L ( s .  ) i s  p ropor t iona l  t o  t h e  r e l a t i v e  / 2 2
1 P 

l i f t :  

The i n t e g r a l  equat ion f o r  t h e  problem t akes  t h e  form 

Examples o f  cons t ruc t ion  o f  an i n t e g r a l  ope ra to r  f o r  equat ion (5) show [4] 
t h a t  t h e  ke rne l  of  t h e  i n t e g r a l  o p e r a t o r  has a s i n g u l a r i t y  of o rde r  c1 = 2 and 
the  i n t e t r a l s  do not e x i s t  i n  t h e  general  c a s e ,  but  may e x i s t  only f o r  
Y (g) E c1csp3 * 

Since N-’ i s  a d i f f e r e n t i a l  o p e r a t o r  and formula (5) gives  a s o l u t i o n  only 
i n  t h e  space c l ( s  

P 
) ,  we may expect t h a t  t h e r e  i s  a s i n g u l a r  s o l u t i o n  which i s  

l o s t  i n  t h e  mapping 4 + e .  The s i n g u l a r  s o l u t i o n  should be  determined from t h e  
equation 

The proper  s e l e c t i o n  of  t h e  i n t e g r a l  ope ra to r s  from expression (6) gives  
a l l  t h e  known equat ions i n  t h e  theo ry  of a wing i n  an unsteady flow [l,  3, 41. 

The ope ra to r s  A(y) i n  t h e  gene ra l  ca se  may be w r i t t e n  i n  t h e  fol lowing form 
form: 

f o r  2-dimensional flow + I  
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f o r  3-dimensional f low 

For a wing i n  an unbounded l i q u i d ,  t h e  k e r n e l s  K: t a k e  t h e  form 

n
where R i s  t h e  d i s t a n c e  i n  Eucl idian space R ( t h e  upper index a s s o c i a t e d  n 
with the  ke rne l  shows t h e  dimensional i ty  o f  t h e  space ) .  

Further  development of t h e  theory i s  along t h e  l i n e s  o f  working out 
a n a l y t i c a l  o r  numerical methods f o r  s o l u t i o n  o f  equat ion ( 6 ) .  

With r e s p e c t  t o  phys i ca l  essence,  t h e  func t ion  y may be w r i t t e n  as  / 23 

where the  term y 1(p) desc r ibes  the  vo r t ex  components o f  t h e  s o l u t i o n ,  and y,(p) 

desc r ibes  the  i n e r t i a l  components. 

These e s t ima tes  fol low from t h e  already known r e s u l t s  o f  wing theory [ 3 ] .  

I f  k - 1, we g e t  

Ij 1)I[ cd 11 et, 1: r . - .  [ j  2’. [I/--/ A;; 

and numerical methods may then y i e l d  s a t i s f a c t o r y  r e s u l t s .  

When k >> 1, w e  have 

I I  Y,II *<< /I I: andil Y ;; r -I I! Y. ! j ;  

and numerical methods may then be used f o r  a rough determinat ion o f  t h e  vo r t ex  
components which a r e  o f  g r e a t e s t  i n t e r e s t  i n  t h e  theory o f  a wing i n  an unsteady 
flow. 
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This  fact and t h e  p o s s i b i l i t y  of  f i n d i n g  e f f e c t i v e  a n a l y t i c a l  s o l u t i o n s  
determine t h e  importance o f  t h e  problem o f  r e p r e s e n t i n g  t h e  s o l u t i o n  i n  t h e  
form o f  i n d i v i d u a l  components which have e i t h e r  d i f f e r e n t  phys i ca l  meanings o r  
d i f f e r e n t  norms i n  t h e  corresponding metric spaces .  

Several  methods of r e p r e s e n t i n g  t h e  s o l u t i o n  a r e  known i n  t h e  l i t e r a t u r e .  

I n  A .  I .  Nekrasov's monograph [ 3 ] ,  t h e  s o l u t i o n  i s  broken down according 
t o  phys i ca l  meaning: 

1 )  q u a s i s t  a t i  onary s o l u t i o n  ; 

2) i n e r t i a l  component of t h e  s o l u t i o n ;  

3 )  s o l u t i o n  d e s c r i b i n g  t h e  e f f e c t  of  t h e  vo r t ex  t r a i l .  

I n  the  most r e c e n t  pape r s ,  t h e  s o l u t i o n  i s  broken down according t o  
formal mathematical meaning [ I ]  : 

1)  	r e g u l a r  s o l u t i o n  ( c l ( s  1);
P 

2) s i n g u l a r  s o l u t i o n .  

These two methods have c e r t a i n  disadvantages:  i n  t h e  f i r s t  case t h e  
q u a s i s t a t i o n a r y  s o l u t i o n  and the  s o l u t i o n  which desc r ibes  the  e f f e c t  of  t h e  
vo r t ex  t r a i l  do not belong t o  t h e  space c l ( s  

P
) ,  while  i n  t h e  second case ,  t h e  

r e g u l a r  s o l u t i o n  has components with d i f f e r e n t  norms. 

In t h e  formal a lgori thm which we have developed, 0 i s  r ep resen ted  i n  t h e  
form o f  t h r e e  components : 

where e 1 i s  the  r e g u l a r  s o l u t i o n  a s s o c i a t e d  with a d i s c o n t i n u i t y  i n  t a n g e n t i a l  

v e l o c i t i e s  when a l i n e  i n  s P i s  crossed;  e 2 i s  t h e  r e g u l a r  s o l u t i o n  which / 24 

desc r ibes  i n e r t i a l  motions; e3  i s  t h e  s i n g u l a r  s o l u t i o n  o f  t h e  problem. 

I f  t h e  cond i t ion  

(pz = .F, e;j g E sp,  

i s  observed i n  v e l o c i t y  p o t e n t i a l  space,  t hen  

F (c):-z [j$, (g) F,, &) g E so 
(9) 
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and formula (5) r e s o l v e s  i n t o  two independent equat ions : 

o r  

A necessary cond i t ion  f o r  t h e  ex i s t ence  o f  equat ion (11) i s  y 
2 

� c 1 ( s
P
) .  

Assuming t h a t  t h e  func t ions  belong t o  space c1 ( s  ) ,  we s h a l l  consider  t h e s e  
func t ions  f i n i t e .  P 

Expressions (10) and (11) imply t h e  important r e l a t i o n s h i p  

The cons t an t  c i s  determined from t h e  cond i t ion  o f  s o l v a b i l i t y  i n  t h e  space 
c l ( s

P 
) which i s  c l e a r l y  formulated f o r  2-dimensional problems, and i n  t h e  

theory of  long ex tens ion ,  t h e  value of t h i s  cons t an t  used i n  t h e  2-dimensional 
problem may be assumed ( f o r  3-dimensional problems, t h e  cons t an t  c w i l l  be 
pa rame t r i ca l ly  dependent on t h e  coordinate  y ) .  For  i n s t a n c e ,  f o r  t h e  equation 

-L1 


i s  a s i n g u l a r  o p e r a t o r  with Cauchy k e r n e l .  

The constant  c i s  determined from t h e  cond i t ion  

- 1  
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and an i n v e r s e  o p e r a t o r  L-l then e x i s t s  i n  t h i s  class.0 

The following may be  shown i n  determing t h e  s i n g u l a r  s o l u t i o n :  

iVZ,y,, = A’,,,Jzj>, C Spa 

I f  

then  t h e  expression 

follows from equat ions (6)  and (14) f o r  t h e  s i n g u l a r  s o l u t i o n ,  where I i s  t h e  
i d e n t i t y  ope ra to r ;  

The b a s i c  c h a r a c t e r i s t i c s  and advantages of t h e  formal a lgori thm which has 
been developed are now apparent .  Functions y1 and y 2  a r e  determined from 

equat ion (10) and ( l l ) ,  which coincide i n  form with t h e  equat ion o f  s t a t i o n a r y  
theo ry ,  while  t h e  s i n g u l a r  s o l u t i o n  y 3 i s  determined from equation (15) which 

con ta ins  only t h e  cons t an t  c i n  t h e  r ight-hand member. 

I f  it i s  assumed t h a t  t h e  Zhukovskiy-Chaplygin p o s t u l a t e  i s  v a l i d  through­
ou t  t h e  e n t i r e  pe r iod  o f  motion, a s i n g u l a r i t y  w i l l  e x i s t  only on t h e  l ead ing  
edge of  t h e  wing. 

The form of t h e  s i n g u l a r  s o l u t i o n  i s  known f o r  2-dimensional flow 

(Y&) = a 1/g), and i n  t h i s  case we immediately g e t  t h e  va lue  o f  t h e  

constant  a from expression (15). 

To i l l u s t r a t e  t h e  method, l e t  us b r i e f l y  s o l v e  t h e  p l ane  problem o f  
o s c i l l a t i o n  o f  a wing i n  an. unbounded f l u i d .  For t h i s  form o f  t h e  o p e r a t o r ,  
equat ions (10) , (11) and (13) take t h e  form 

19 




Introducing t h e  i n v e r s e  o p e r a t o r  L- I  power, w e  have0 

I f  t h e  s i n g u l a r i t y  a t  t h e  l ead ing  edge of  t h e  wing a lone  i s  considered 
i n  t h e  s i n g u l a r  s o l u t i o n ,  t h e  gene ra l  r e p r e s e n t a t i o n  f o r  t h e  func t ion  y ( s )  may 
be w r i t t e n  as  

D i rec t  i nve r s ion  of t h e  second equat ion i n  system (16) gives  

The constant  D may be  determined from t h e  cond i t ion  o f  e q u a l i t y  of t h e  
norms of t h e  space L ( s  ) with r e s p e c t  t o  t h e  two s o l u t i o n s

1 P  

)I y2 (x) I \  == ---- ik 11 f y, (7)d.L '1li + 1; yznj j .  
I 1  I 

4-
I 
F w

Then D = ik j ,  .... ,; d x .  
- x ­

-1 
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The cons t an t  a i s  determined from equat ion (15):  

2i 
c.2 - -. .-'x.;- n. 
The func t ion  N .

1 
may be expressed i n  terms of  Uankel f u n c t i o n s :  

Then we ge t  

where c(k)  i s  Theodorsen's func t ion  [ 3 ] .  

I n  conclusion,  l e t  us give an expression f o r  t h e  norm o f  t h e  func t ion  y i n  
space L 1(s) which, as has a l r eady  been pointed o u t ,  i s  p r o p o r t i o n a l  t o  t h e  

r e l a t i v e  l i f t :  

Expression (23) imp l i e s  estimates (7) which were assumed a p r i o r i .  Expres­
s i o n  (23) is  a known r e s u l t  from aerodynamics 
wing i n  a 2-dimensional f low. 

[ 3 ]  	on t h e  l i f t  of  an o s c i l l a t i n g  
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PROBLEMS O F  LONG WAVES WHICH A R I S E  FROM I N I T I A L  PERTURBA­
T I O N  I N  A V ISCOUS ROTATING L I Q U I D  

L .  V.  Cherkesov 

ABSTRACT: T h e  author  considers  
w h i c h  a r i s e  on t h e  s u r f a c e  of a 
under t h e  e f f e c t  of an i n i t i a l  
s u  rf ace.  

Problems on long waves which a r i s e  
i d e a l  r o t a t i n g  l i q u i d  a r e  considered i n  

t h e  problem of  long waves 
viscous r o t a t i n g  l i q u i d  

e l e v a t i o n  in t h e  f r e e  

from i n i t i a l  p e r t u r b a t i o n s  i n  an 
[ 2 ,  5 and 101 and i n  a viscous l i q u i d  

/29 
without  regard t o  r o t a t i o n - - i n  [ 3 ,  4 ,  6 and 91. 

In t h i s  paper  w e  i n v e s t i g a t e  two-djmensional and three-dimensional 
problems of long waves which a r i s e  on the  f r e e  s u r f a c e  o f  a viscous r o t a t i n g  
l i q u i d  from an a r b i t r a r y  i n i t i a l  e l e v a t i o n .  The analogous problem without  
regard t o  r o t a t i o n  i s  so lved  i n  [ S I .  

Let us consider  an i n f i n i t e  l a y e r  of  a viscous l i q u i d  bounded from below 
by a h o r i z o n t a l  f l o o r ,  and from above by t h e  f r e e  s u r f a c e .  The l i q u i d  is  a t  
rest  a t  t h e  i n i t i a l  i n s t a n t  of  t ime,  and i t s  f r e e  s u r f a c e ,  which is  d i sp laced  
from the  h o r i z o n t a l  p o s i t i o n ,  has the  form 

I t  is  necessary t o  determine t h e  form o f  the  f r e e  s u r f a c e  a t  any i n s t a n t  
of  time t > 0 ,  assuming t h a t  t h e  waves which a r i s e  on t h e  s u r f a c e  are long and 
t h a t  they move s lowly,  and t ak ing  t h e  C o r i o l i s  f o r c e  i n t o  account.  Under t h e s e  
cond i t ions ,  with i n i t i a l  and boundary cond i t ions  

t h e  system o f  equat ions of  motion i s  as follows [ 7 ] :  
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Taking f o r  t h e  s o l u t i o n  o f  system (3) t h e  Laplace t ransform with r e s p e c t  
t o  time t and t h e  F o u r i e r  t ransform with r e s p e c t  t o  t h e  v a r i a b l e  x and s a t i s ­
fy ing  condi t ions ( 2 ) ,  we g e t  for t h e  form of t h e  f r e e  s u r f a c e :  

J 
S - I W  (4) 

03 
 (5) 

llere x, t and w a r e  dimensionless q u a n t i t i e s  equal r e s p e c t i v e l y  t o  

xoc  
-1 , a t  and w u  

-1 , where o = 1 s e c  
-1 , c = G h  E = v 

1 / 2  o 1 /2h-1  

Formula (4 )  gives  a r e p r e s e n t a t i o n  f o r  t h e  expression of t he  form o f  
the  f r e e  s u r f a c e  f o r  an a r b i t r a r y  i n i t i a l  e l e v a t i o n  which may be  r ep resen ted  
by a Four i e r  i n t e g r a l ,  and f o r  a r b i t r a r y  values  of  t he  parameter E .  Since 
f(m) + 0 when I m l  + m ,  i n t e g r a l  (5) w i l l  converge, and s i n c e  a + ( a )  + 0 when 
la1 + 00, i n t e g r a l  (4)  w i l l  a l s o  converge. 

Since t.he parameter E i s  small  f o r  r e a l  l i q u i d s  over a wide range of  a 
v a r i a t i o n  i n  h ,  i t  i s  o f  i n t e r e s t  t o  analyze expression (4) f u r t h e r  f o r  small 
values  of  t h i s  parameter .  

Expanding t h e  in t eg rand  i n  equat ion (5) i n  a s e r i e s  with r e s p e c t  t o  
parameter E ,  l i m i t i n g  ourselves  t o  t h e  f i rs t  and t h i r d  terms of t h e  series,  
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( t h e  prime des igna te s  d i f f e r e n t i a t i o n  with r e s p e c t  t o  E ) .  

I n t e g r a l s  ( 7 )  converge, b u t  f u r t h e r  computation i s  p o s s i b l e  o n l y  f o r  
s p e c i f i c  values  of the func t ion  f ( m ) ,  Let u s  now c a l c u l a t e  t he  i n t e g r a l s  ck 
f o r  an i n i t i a l  e l e v a t i o n  o f  t h e  form 

In t h i s  case 

-1where,b and k a r e  dimensionless q u a n t i t i e s  equal r e s p e c t i v e l y  t o  boc , 
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S u b s t i t u t i n g  express ion  (8) i n  equat ion  ( 6 )  and subsequent ly  computing 
t h e  i n t e g r a l s  @ 

k 
(a) and then 5k by t h e  method of contour i n t e g r a t i o n ,  w e  f i n d  

express ions  f o r  t h e  e l eva ted  l i q u i d  

1) 	 x > ct -1- b 
C ( X ,  t )  == 0; 

2) ct -6 <x < ct -1- b 

F ( x ,  t )  = 1/2a (?lo-",ql-. -1; R, 

where 
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The expression �or 5 i s  found from formula (10);  i n  t h i s  case 

Here, x ,  b ,  t and w a r e  t h e  o r i g i n a l  dimensional q u a n t i t i e s .  Analysis 
shows t h a t  t he  r e s i d u a l  term R o f  t h e  s e r i e s  i s  of  o rde r  f o r  small values  
of E .  Therefore ,  t h e  r e s u l t a n t  expression (10) g ives  t h e  form of t h e  f r e e  
s u r f a c e  i n  t h e  region 1x1 > b f o r  f i n i t e  values  o f  time t with an e r r o r  of t h e  

o rde r  of  e 3  when E + 0 .  

Let us n o t e  t h a t  when v i s c o s i t y  is  d i s r ega rded ,  t h e  expression f o r  5 
i n  t h e  region c t  - b < x < c t  + b may be  w r i t t e n  as implied by equat ion ( l o ) ,  
i n  t h e  form 

Where O(w) i nc ludes  waves with amplitudes which approach zero as 
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w -+ 0 .  Comparing equat ions (11) with expres s ions  (13) and (14) i n  [8] where 
t h e  e f f e c t  of  v i s c o s i t y  on t h e  fundamental wave was s t u d i e d ,  we s e e  t h a t  
r o t a t i o n  tends t o  i n c r e a s e  t h e  v e l o c i t y  o f  motion of  t h e  fundamental wave c1 > 

> c and has  no apprec i ab le  e f f e c t  on i t s  amplitude with an inc rease  i n  time t ,  
whereas t h e  v i s c o s i t y  a c t s  i n  t h e  oppos i t e  manner tending t o  reduce t h e  velo­
c i t y  o f  t h e  fundamental wave and having a cons ide rab le  e f f e c t  on i t s  ampli­
tude ( the  amplitude of t h e  fundamental wave dec reases  with time according t o  
an exponent ia l  law).  

The problem s t u d i e d  above was f o r  i n i t i a l  e l e v a t i o n  depending on a 
s i n g l e  v a r i a b l e .  L e t  us consider  a s i m i l a r  problem f o r  i n i t i a l  e l e v a t i o n  de­
pending on two v a r i a b l e s .  

Let us assume t h a t  

and t h a t  t h e r e  a r e  no p e r t u r b a t i o n s  i n  t h e  l i q u i d  when t = 0 .  The problem 
reduces t o  s o l u t i o n  of t h e  system [7 ]  

with i n i t i a l  and boundary condi t ions ( 2 ) ,  where t h e  func t ion  f depends on two 
va r i ab le s - -x  and y .  

Using f o r  t h e  s o l u t i o n  of  t h e  system (13) t h e  Four i e r  t ransform with 
r e spec t  t o  t h e  v a r i a b l e s  x and y ,  and t h e  Laplace t ransform with r e s p e c t  t o  
time t and s a t i s f y i n g  t h e  i n i t i a l  and boundary cond i t ions ,  we g e t  an expres­
s i o n  f o r  t h e  form of  t h e  f r e e  s u r f a c e :  

m ?a 
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Here A ( r ,  a ,  E )  E, 0 ,  c are t h e  same q u a n t i t i e s  as  i n  equat ion ( 5 ) ;  

R ,  t and w are dimensionless q u a n t i t i e s  equal r e s p e c t i v e l y  t o  Roc-1 , o t ,  

LOIS-'; p o l a r  coordinates  R and y a r e  introduced i n  p l a c e  of t h e  values  x and y .  

Since i n t e g r a l  (15) i s  convergent,  r $ ( r )  -+ 0 when r + m and + ( r ,  0 )  -f 

-+ 0 when r -4. m ,  a t  l e a s t  as r - l ,  then i n t e g r a l  (14) w i l l  obviously converge 

f o r  an a r b i t r a r y  func t ion  f ( x ,  y) which may be r ep resen ted  by a Four i e r  i n ­
t e g r a l .  Expression (14)  is an exact  s o l u t i o n  f o r  t he  problem as formulated,  
v a l i d  f o r  any values  of  t h e  parameter E .  

Let us  analyze expression (14) f u r t h e r  f o r  small values  of  t he  parameter 

E .  Expanding t h e  func t ion  A-' ( r ,  a ,  E) i n  a s e r i e s  with r e s p e c t  t o  t h e  
Barameter E ,  l i m i t i n g  ou r se lves  t o  t h e  f irst  t h r e e  terms o f  t h e  s e r i e s  a s  i n  
t h e  preceding case ,  and w r i t i n g  t h e  r e s i d u a l  term of t h e  ser ies  i n  Lagrangian 
form, w e  g e t  expression (14) i n  t h e  form 

s+ i a  

q?, == 
1 S (a? -1- 4to2) x ( r ,  cc, S P )  ea!(//  (c)<I ': < I ) ,  

s-ia­

where IC has t h e  same value as i n  equa t ion  ( 7 ) .  

An i n v e s t i g a t i o n  o f  t h e  expres s ion  f o r  53 shows t h a t  it i s  bounded and 

has  a f i n i t e  l i m i t  f o r  f i n i t e  va lues  o f  t i m e  t as E + 0.  Therefore ,  t h e  f irst  
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t h r e e  terms of express ion  (16) g ive  tke form of t h e  f r e e  s u r f a c e  o f  t h e  l i q ­

u id  with an e r r o r  of  t h e  o rde r  of  c 3  as E -f 0 .  

For an i n i t i a l  e l e v a t i o n  which i s  symmetric wi th  r e s p e c t  t o  th.e coordin­
ate o r i g i n  [ f ( x ,  y )  = f (R) ] ,  t h e  form of  t h e  free s u r f a c e  w i l l  be  expressed 
by formula (16), where <k' i n  view o f  t h e  equat ion  /35 

t akes  t h e  s impler  form 

Using t h e  method o f  contour i n t e g r a t i o n  f o r  c a l c u l a t i n g  i n t e g r a l s  4k '  
we g e t  an express ion  f o r  t h e  form of t h e  waves on t h e  f r e e  s u r f a c e  

where t h e  ck a r e  computed from formulas (17) i n  t h e  genera l  case ,  and from 

formulas (19) axisymmetric case ,  axd f o r  t h e  express ion  $k (k = 0 ,  1, 2) t ake  

the  fol lowing form: 
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Let US no te  that t and w a r e  dimensionless i n  t h e s e  formulas,  and t h a t  
a l l  n o t a t i o n  d i f f e r s  from t h a t  used i n  formula (10).  

Let us f i n d  t h e  asymptot ic  expression o f  t h e  form o f  t h e  f r e e  s u r f a c e  
f o r  a symmetric i n i t i a l  e l e v a t i o n  and l a r g e  va lues  of  R .  Using the  formula 
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which i s  v a l i d  for a l l  p o s i t i v e  va lues ,  w e  g e t  

where B i s  some p o s i t i v e  number; $k i s  def ined by formula (20) .  Analyzing 

i n t e g r a l s  (21) by t h e  method o f  s t a t i o n a r y  phases f o r  l a r g e  values  of R ,  w e  
g e t  t h e  fol lowing asymptot ic  expression f o r  t h e  form of  t h e  f r e e  s u r f a c e  

where 

The r e s u l t a n t  asymptotic formula i s  t r u e  f o r  values  of  > 1 which a r e  

small i n  comparison with R and f o r  n o n - o s c i l l a t i n g  func t ions  $ ( r ) ,  f o r  i n ­

s t a n c e  f o r  t he  func t ions  f(R) o f  t h e  form exF (-kR) o r  exp (-kR 2 1 ; R ,  t and w 
are dimensionless i n  formula ( 2 1 ) .  I t  i s  r e a d i l y  shown from formula (19) 

t + m a t  any f ixed  p o i n t  o f  R ,  t h e  e l e v a t i o n  of  5 w i l l  tend toward zero as 

t - 2  . I t  i s  ev iden t  from equat ion (21) t h a t  t h e  l ead ing  f r o n t  of  t he  funda­

mental p e r t u r b a t i o n s  f o r  a symmetric i n i t i a l  e l e v a t i o n  w i l l  move over t he  
s u r f a c e  of a viscuous r o t a t i n g  l i q u i d  i n  the  r a d i a l  d i r e c t i o n  with v e l o c i t y  c 

For an i d e a l  l i q u i d  with regard t o  r o t a t i o n ,  t h e  expression f o r  5 t akes  
the form 
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Assuming t h a t  t h e  parameter  w i s  small  ( t h e  maximum value  of  w f o r  t h e  

.+ 4e a r t h  i s  7.3*10-') , expanding ~ 0 . ~ 4 ~ 2w2t i n  a series with r e spec t  t o  

t h e  parameter  4 w2,  l i m i t i n g  ourse lves  i n  t h i s  case t o  t h e  f i r s t  two terms of  
t h e  s e r i e s ,  and w r i t i n g  up t h e  r e s i d u a l  term i n  Lagrangian form, w e  ge t  

For  t h e  func t ion  f(R) o f  t h e  form 

w e  have [ l ]  

- Taking account of  t h e  f a c t  t h a t  [l] 

m 
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For R > t + b i n  t h i s  region ( i n  dimensional q u a n t i t i e s  R > c t  + b ) ,  w e  f i n d  /38-
an expression f o r  t h e  form of  t h e  free s u r f a c e  

where $(r) i s  def ined by formula (23). 

The r e s u l t a n t  expression i s  the  p e r t u r b a t i o n  of  t h e  f r e e  s u r f a c e  which 
precedes the  a r r i v a l  of t h e  fundamental wave IQ

0 
(R, t )  and i s  caused exclu­

s i v e l y  by t h e  e f f e c t  of  t h e  C o r i o l i s  f o r c e .  

Thus i n  the  case of  axisymmetric i n i t i a l  e l e v a t i o n  o f  t h e  f r e e  s u r f a c e  
and i n  t h e  case of a l i q u i d  of  constant  depth,  both t h e  e f f e c t  o f  t he  
C o r i o l i s  f o r c e  (without regard t o  v i s c o s i t y )  and t h e  e f f e c t  of  f o r c e s  o f  
v i s c o s i t y  [8] (without regard t o  t h e  e f f e c t  of  C o r i o l i s  fo rce )  g ive  r ise  t o  
dis turbances which precede the  waves, i . e .  p e r t u r b a t i o n s  of  t h e  f r e e  s u r f a c e  
observed b e f o r e  a r r i v a l  o f  t h e  fundamental wave. 
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2 .  
3.  
4 .  
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MOTION OF A W I N G  WITH D E F L E C T E D  A I L E R O N S  CLOSE TO A BAFFLE 

V .  G .  B e l i n s k i y  and Y u .  I .  Laptev 

ABSTRACT:  T h e  motion of a ho r i zon ta l  w i n g  of  l a rge  a spec t  
r a t i o  w i t h  d e f l e c t e d  a i l e r o n s  c l o s e  t o  a s o l i d  b a f f l e  i s  
s t u d i e d .  S i m p l e  a n a l y t i c a l  expressions a r e  der ived which 
may b e  u s e d  f o r  eva lua t ing  t h e  e f f e c t  which proximity of 
t h e  b a f f l e  has on t h e  l i f t  c o e f f i c i e n t ,  t h e  induced drag 
c o e f f i c i e n t , t h e  moment of banking and t h e  moment of  yaw­
i n g .  

The motion of a wing with d e f l e c t e d  a i l e r o n s  i n  an unbounded f l u i d  has  /39-
been s t u d i e d  by many au tho r s  [ l ,  2 and o t h e r s ] ,  however, t h e  e f f e c t  o f  flow 
boundaries on t h e  c h a r a c t e r i s t i c s  of  such a wing has  no t  been s u f f i c i e n t l y  
i n v e s t i g a t e d .  

The e f f e c t  of  t h e  f r e e  s u r f a c e  on t h e  c h a r a c t e r i s t i c s  of  a h y d r o f o i l  
with d e f l e c t e d  a i l e r o n s  was s t u d i e d  by T .  Nishiyama [ 4 ] ;  he  showed t h a t  t h e  
proximity of  t h e  f r e e  s u r f a c e  reduces the  l i f t  and t h e  banking moment, b u t  
i nc reases  t h e  i n d u c t i v e  drag and t h e  yawing moment. 

Simple a n a l y t i c a l  expressions a r e  der ived i n  t h i s  paper  which may be  
used f o r  eva lua t ing  t h e  e f f e c t  which proximity of  a s o l i d  b a f f l e  has  on t h e  
hydrodynamic c h a r a c t e r i s t i c s  b f  a wing with d e f l e c t e d  a i l e r o n s .  

The d i s t r i b u t i o n  of  c i r c u l a t i o n  along t h e  span of  a h o r i z o n t a l  wing of  
l a r g e  aspect  r a t i o  moving s t e a d i l y  with a v e l o c i t y  v0 a t  a d i s t a n c e  H 0 from 

a f l a t  s o l i d  b a f f l e  (Fig.  1) i s  determined by t h e  equat ion [3] 

Here a. is  t h e  tangent  o f  t h e  s l o p e  t o  t h e  curve C
Y 

= C
Y 
(a) f o r  an unbounded 

f l u i d ;  +Cy) is  a f u n c t i o n  which accounts f o r  t h e  change i n  a. i n  a bounded ­/40 

flow; a ( y )  is t h e  angle  o f  a t t a c k  of  t h e  wing; 

L 




- -  - -  -- 

X(y) i s  t h e  a spec t  r a t i o  of  t h e  wing equal t o  L / B  (L i s  the  span and B i s  t h e  
chord of t he  wing).  

Let us examine the  case o f  motion 
of  such a wing with a i l e r o n s  d e f l e c t e d  
through a small  angle .  Let us assume 
t h a t  d e f l e c t i o n  of  t h e  a i l e r o n s  through 
a small angle  i s  equ iva len t  t o  a c e r t a i n  
t w i s t  o f  t h e  wing. Deformation o f  t h e  
wing with d e f l e c t i o n  o f  t h e  a i l e r o n s  
leads t o  asymmetric d i s t r i b u t i o n  o f  t h e  
c i r c u l a t i o n  along t h e  span. Let us 
r ep resen t  t h e  c i r c u l a t i o n  as t he  sum of  
symmetric and asymmetric terms : 

-
1’  (g ) =: (J i )  - 1 - (;I) = 

F i g .  1 

I n  an analogous manner, we w r i t e  t h e  ang le  o f  a t t a c k  o f  t he  deformed 
wing 

where c1 (y)  i s  t h e  angle o f  a t t a c k  o f  t h e  wing with undeflected a i l e r o n s ;  
S 

CIa (7)is  t h e  angle of  t w i s t  of t he  wing which accounts f o r  d e f l e c t i o n  of  t h e  

a i  1erons . 
The ke rne l  of  equat ion (1) may a l s o  be  r ep resen ted  i n  t h e  form o f  a 

symmetric and asymmetric p a r t s  : 
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Analysis shows t h a t  i n  t h e  given case 

_ - - .. 
ci sa'(y, TI) -- Gas(!/? 11) - = 0 (5) 

With regard t o  formulas (2) - ( S ) ,  equat ion (1) may b e  reduced t o  two 
independent equat ions which determine t h e  symmetric and the  asymmetric p a r t s  
o f  t h e  c i r c u l a t i o n :  

where 

When KO + m, equa t ions  (6) and (7) t a k e  t he  form 
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Let us g ive  approximate s o l u t i o n s  o f  equat ions  (6) - (9)  f o r  a wing o f  
e l l i p t i c a l  planform. I n  conformity with t h i s ,  w e  assume 

We s h a l l  seek t h e  so lu t ionso f  t h e  equat ions  i n  t h e  form 

-r&} = f l  I/=->-. 

where A and B a r e  cons t an t s .  

I n t e g r a t i n g  by pa r t s ,we  reduce equat ions  (8) and (9) t o  i n t e g r a l  d i f ­
f e r e n t i a l  form: 

I n  so lv ing  equat ion  ( 1 2 ) ,  we t ake  account .of t h e  f a c t  t h a t  wc(F) = a ,  

where c1 is t h e  angle  of  a t t a c k  f o r  t h e  wing wi th  undef lec ted  a i l e r o n s .  
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The s o l u t i o n  of t h i s  equat ion with regard t o  equat ions (10) and (11) 
g ives  

The s o l u t i o n  o f  equat ion (13) with regard t o  expression (10) and (11) 
gives  a l i n e a r  l a w  f o r  d i s t r i b u t i o n  of  t h e  angle of  t w i s t  f o r  a deformed wing 
along t h e  span 

Where af i s  t h e  angle  of t w i s t  f o r  a f i n i t e  c r o s s - s e c t i o n  of t h e  deformed wing 

The constant  Bm i n  t h i s  case i s  def ined by the  formula 

A f t e r  i n t e g r a t i o n  by p a r t s ,  equat ions (6) and (7) reduce t o  i n t e g r a l  
d i f f e r e n t i a l  form: 

1 

-I 
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Solving these  equat ions  wi th  regard  t o  express ions  (10) and (11) and 
assuming a l i n e a r  law f o r  d i s t r i b u t i o n  o f  t h e  angle  of t w i s t  o f  t h e  wing along 
the  span,  we g e t  t h e  fo l lowing  formulas f o r  determining t h e  cons tan ts  AH and 
BH : 

I n  these  formulas 

We f i n d  t h e  l i f t  c o e f f i c i e n t ,  t h e . c o e f f i c i e n t  of  i nduc t ive  drag ,  t he  
banking moment and t h e  yawing moment from t h e  express ions  
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+ I  

Here 7i s  and 7i a  a r e  t h e  symmetric and asymmetric p a r t s  o f  the induc t ive  

v e l o c i t y  7i '  For  t h e s e  q u a n t i t i e s  we have t h e  expressions 

1.I 

-I 

-LI 

- I  

i 

S u b s t i t u t i n g  expressions (11) and (24)  -n expression ( 2 3 ) ,  and a l s o  
t ak ing  account of  formulas (14)(16)(19) and (20) ,  we g e t  t he  following formu­
l a s  f o r  t h e  c h a r a c t e r i s t i c s  of  a wing with d e f l e c t e d  a i l e r o n s :  

f o r  motion i n  an unbounded f l u i d  

nh, 
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, , 

Fig. 2.  

f o r  motion c lose  t o  a s o l i d  b a f f l e  

The func t ion  53 i s  determined from t h e  expression 
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The c o e f f i c i e n t s  f o r  t he  e f f e c t  which proximity o f  a s o l i d  b a f f l e  has on 
t h e  hydrodynamic c h a r a c t e r i s t i c s  o f  a wing with d e f l e c t e d  a i l e r o n s  a r e  d e t e r ­
mined from t h e  formulas 

The funct, ion $ may be  determined from the  formula 

'I1 = 1 +22 -k 0 ( T I ) ,  

where 
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The fol lowing approximate formulas a r e  der ived f o r  c a l c u l a t i n g  t h e  
func t ions  cl, r 2  and r 3 :  

.... __ 

. __ __ __, .- __ .L -____ . -_  

L i,, 

F i g .  4 .  

05 I 
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F i g .  3 .  ( s o l i d ) ,  c2 (dot-and-dash) and 5 3 


(broken) a r e  given i n  F ig .  2 and t h e  
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- -  -
graphs of func t ions  py, pxi ( s o l i d  l i n e s )  and Ex’ m z (broken l i n e s )  are 

given i n  Figure 3 and 4.  
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L A M I N A R  BOUNDARY LAYER ON A H E A T - I N S U L A T I N G , S U R F A C E  A T  
H I G H  GAS V E L O C I T I E S  W I T H  S U C T I O N  

L. F.  Kozlov 

ABSTRACT:  A s i m p l e  approximate method is  proposed f o r  
c a l c u l a t i n g  a laminar boundary l a y e r  i n  t h e  case of an 
a r b i t r a r y  v e l o c i t y  f i e l d  on t h e  ex te rna l  boundary w i t h  
s u c t i o n ,  T h e  ca se  o f  a h e a t - i n s u l a t i n g  s u r f a c e  i s  
considered w i t h  a Prandtl  number equal t o  Unity. The  
s t e a d y - s t a t e  motions of a w i n g  and a s o l i d  of revolu­
t i o n  a r e  analyzed i n  a compressible gas a t  Mach numbers 
o f  less than t h r e e ,  

The s u c t i o n  of  a gas through t h e  permeable s u r f a c e  of  a wing o r  a s o l i d  
of r evo lu t ion  moving a t  high v e l o c i t i e s  may be  used f o r  s t r e a m l i n i n g  t h e  flow 
o r  f o r  p reven t ing  detachment o f  t h e  boundary l a y e r .  P r a c t i c a l  use of  such a 
method f o r  c o n t r o l l i n g  t h e  boundary l a y e r  may g ive  an apprec i ab le  improvement 
i n  the  aerodynamic c h a r a c t e r i s t i c s  of  a i r c r a f t  and v e h i c l e s  moving c l o s e  t o  
t h e  s u r f a c e  o f  t h e  ground o r  water  by reducing t h e  components of  f r i c t i o n a l  
drag and p r e s s u r e .  

So lu t ions  a r e  known f o r  t h e  system o f  equat ions of  a laminar boundary 
l a y e r  i n  a compressible gas f o r  t h e  s p e c i a l  case of  a p l a t e  with uniform 
suc t ion  [ 6 ,  71. However, t hese  s o l u t i o n s  have more t h e o r e t i c a l  than p r a c t i c a l  
s i g n i f i c a n c e  s i n c e  t h e  n e c e s s i t y  f o r  i n t e g r a t i n g  the  boundary l a y e r  equat ion 
f o r  t h e  most p a r t  a r i s e s  f o r  t he  case of  a r b i t r a r y  v e l o c i t y  d i s t r i b u t i o n  on t h e  
e x t e r n a l  boundary. 

E x i s t i n g  methods f o r  approximate i n t e g r a t i o n  o f  laminar boundary l a y e r  
equations are based on t h e  use of  t h e  i n t e g r a l  r e l a t i o n s h i p  of  impulses.  The 
accuracy of  t h e s e  methods depends t o  a cons ide rab le  e x t e n t  on s u c c e s s f u l  ap­
proximation of t h e  v e l o c i t y  p r o f i l e  ac ross  t h e  l a y e r .  For i n s t a n c e ,  t h e  
v e l o c i t y  p r o f i l e  proposed by G .  S c h l i c h t i n g  and used i n  [8] f o r  computing t h e  
laminar boundary l a y e r  i n  a compressible gas gives  a very rough approximation 
of t he  a c t u a l  change i n  v e l o c i t i e s  i n  t h e  boundary l a y e r ,  e s p e c i a l l y  n e a r  t h e  
p o i n t  of detachment of  t h e  l a y e r .  

Let us examine s t eady  s t r eaml ine  flow of a compressible gas a t  high velo­
c i t i e s  around a f l a t  wing. For t h i s  purpose,  w e  i n t roduce  a coordinate  system 

-/49 

with t h e  o r i g i n  loca t ed  a t  t h e  leading c r i t i c a l  p o i n t ,  t h e  x-axis  d i r e c t e d  /50
along t h e  s u r f a c e  and t h e  y-axis  d i r e c t e d  along the  normal t o  t h e  wing s u r f a c e .  
Assuming a P rand t l  number equal t o  u n i t y ,  w e  w r i t e  t h e  system of d i f f e r e n t i a l  
equations f o r  t he  laminar boundary l a y e r  with r ega rd  t o  l o n g i t u d i n a l  p r e s s u r e  
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g r a d i e n t  on t h e  o u t e r  boundary i n  t h e  form 

Here, u and v a r e  t h e  p r o j e c t i o n s  of  t h e  v e l o c i t y  v e c t o r  i n  t h e  boundary 
l a y e r  on t h e  coordinate  axes;  p6  i s  the  predetermined p r e s s u r e  d i s t r i b u t i o n  

on t h e  o u t e r  boundary o f  the l a y e r ;  e i s  t h e  s t a g n a t i o n  temperature ,  equal 

2t o  T + (u  / 2 Jc  ) ;  T i s  abso lu te  temperature;  J i s  t h e  mechanical equivalent
P 

of  h e a t 1 ;  R is  t h e  gas cons t an t  equal t o  J ( c  - c v ) ;  c c a r e  t h e  co-
P p '  v 

e f f i c i e n t s  of s p e c i f i c  h e a t  of  t h e  g a s  a t  cons t an t  p r e s s u r e  and constant  v o l ­
ume, r e s p e c t i v e l y ;  u i s  the  dynamic c o e f f i c i e n t  of  v i s c o s i t y ;  p i s  the  
d e n s i t y  of  t h e  g a s ,  We shal'l  use t h e  s u b s c r i p t  1 t o  i n d i c a t e  the  values  of 
t h e s e  same q u a n t i t i e s  i n  a d i a b a t i c a l l y  and i s e n t r o p i c a l l y  dece le ra t ed  f lows,  
and t h e  s u b s c r i p t  S t o  i n d i c a t e  t h e  values  of  t h e  q u a n t i t i e s  on the  o u t e r  
su r f ace  of  t h e  boundary l a y e r .  

2For a i r  R = 287.1 m /deg.product s e c 2 ,  n = 0.75 a t  temperature -23' < 

< T < 327OC.  

System of equat ions (1)-(5)  i s  closed and t h e r e f o r e  may be  used f o r  
determining the  fol lowing unknown q u a n t i t i e s :  The two components of v e l o c i t y ,  
v i s c o s i t y  , d e n s i t y  and temperature o f  t h e  g a s ,  

We s a t i s f y  the  fol lowing boundary condi t ions on t h e  h e a t - i n s u l a t e d  wing 
s u r f a c e  i n  t h e  case of  s u c t i o n ,  and on t h e  o u t e r  boundary o f  t h e  l a y e r  

- - . - . 

I I n  t h e  I n t e r n a t i o n a l  System of Units  J = 1. 
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Where v0 i s  .the l o c a l i z e d  s u c t i o n  v e l o c i t y ;  U6 and T6 are t h e  v e l o c i t y  and 

temperature of t h e  gas r e s p e c t i v e l y  on t h e  o u t e r  boundary of t h e  l a y e r ;  6 i s  
t h e  th i ckness  of  t h e  boundary l a y e r .  

Let u s  cons ide r  t h e  case of  a h e a t - i n s u l a t i n g  s u r f a c e ,  i . e .  where t h e r e  ­/ 5 1
is  no h e a t  t r a n s f e r  through t h e  s u r f a c e .  In  t h i s  ca se ,  t h e  h e a t  w i l l  b e  ca r ­
r i e d  by convection due t o  s u c t i o n  of t he  gas through the  porous s u r f a c e .  

The i n t e g r a l  of  energy balance equat ion (3) is  obvious’ [ 4 ] :  

ll; 
where io z .  Jc,, 7’6 - \ - -3-- i s  t h e  t o t a l  energy. 

I n t e g r a l  (6) sa t i s f ies  the  condi t ion f o r  absence of  h e a t  t r a n s f e r  through 
t h e  s u r f a c e  s i n c e  t h e  kinematic  condi t ion of  gas attachment t o  t h e  s u r f a c e  of  
t h e  f o i l  is  f u l f i l l e d .  I t  follows from t h i s  i n t e g r a l  t h a t  the s u r f a c e  tempera­
t u r e  i s  equal t o  t h e  s t a g n a t i o n  temperature of  t h e  oncoming flow when t h e r e  i s  
no h e a t  t r a n s f e r .  

We f i n d  from equat ion (6) t h a t  

According t o  expression ( 7 ) ,  t h e  temperature depends only on the  change 
i n  the  long i tud ina l  component of v e l o c i t y .  Therefore ,  t h e  form of  t h e  boundary 
condi t ions f o r  t he  t r a n s v e r s e  component of  v e l o c i t y  on the  su r face  has no 
e f f e c t  on t h i s  expres s ion .  

- _ -

I This s p e c i a l  s o l u t i o n  is  v a l i d  f o r  s t r eaml ine  flow with a long i tud ina l  
p re s su re  g rad ien t  [ 9 ]  . 
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We compute t h e  p r e s s u r e  from B e r n o u l l i ' s  equat ion:  

while  t h e  r e l a t i o n s h i p  f o r  d e n s i t y  i s  determined from t h e  i d e a l  gas law 

In  equat ions (8) - (9) ,  K = c / c  .
P V  

Using power r e l a t i o n s h i p  ( 5 ) ,  we g e t  

lL:: n 

11 =-=p, (1 -- x). 

Our subsequent c a l c u l a t i o n s  a r e  done i n  Dorodnitsyn's v a r i a b l e s  [ l ] ,  
which i n  t h e  given case t ake  the  form 

I x 

Then t h e  equat ion o f  t h e  boundary l a y e r  (1) and t h e  equat ion of  continu­
i t y  ( 2 )  a r e  transformed t o  g ive  

(131 
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where 

After t ransformation of  equat ion (13) with t h e  a p p l i c a t i o n  of  expression 
(14) and i n t e g r a t i o n  by terms with r e s p e c t  t o  rl from 0 t o  6 we g e t  t h e  

r l '  

i n t e g r a l  r e l a t i o n s h i p  

where 6 i s  the  th i ckness  of t he  boundary l a y e r  with r e s p e c t  t o  coordinate  r l .  n 

Since we have u = 0 when rl = 0 ,  t h e  i n t e g r a l  

Taking account o f  expression (16),  we transform i n t e g r a l  r e l a t i o n s h i p  
(15) t o  
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where 

Returning t o  t h e  p h y s i c a l  x-y p l a n e ,  w e  reduce i n t e g r a l  expression (17) 
t o  t h e  f i n a l  form 

In  o r d e r  t o  c a l c u l a t e  r e l a t i o n s h i p s  (18)-(24) , w e  assume t h a t  t he  velo­
c i t y  p r o f i l e s  ac ross  t h e  boundary l a y e r  a r e  a s ingie-parameter  family: 

and t h a t  they are independent o f  t h e  Mach number i n  e x p l i c i t  form. F o r  t h i s  
purpose w e  u se  a s ix -degree  polynomial [3] o r  a system o f  i n t e g r a l  r e l a t i o n ­
s h i p s  of " th ree  moments [ 2 ] .  I n  bo th  approaches t o  c a q " p a t i o n  o f  t h e  funct ion,  
w e  g e t  
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where t h e  numerical va lues  o f  A and B a r e  given as a func t ion  of  t h e  s u c t i o n  
parameter t** i n  Figures  1 and 2 .  

. 

0.6 


0.1 1 

F i g .  1 .  Graph f o r  A a s  a Function F i g .  2 .  Graph f o r  B as  a Function 
of the Suction Parameter t":': : -1, of t h e  Suction Parameter t"": 1 ,  
From Data of [ 2 ] ;  2 ,  From Data of From Data of [ 2 ] ;  2 ,  From Data o f  
[ 3 1 . .  [31. 

We i n t e g r a t e  d i f f e r e n t i a l  equat ion (25)  i n  f i n a l  form 

where 

fiAT 2 -1- - %  - -_­
v . - - I  2 * 

The values  of  t h e  form parameter a t  t h e  leading c r i t i c a l  p o i n t  f ( 0 )  = 

= A / B  a r e  shown i n  Figure 3, while t he  values  o f  N a r e  shown i n  Figure 4.  
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F i g .  3 .  Curves Which Show t h e  Values Figure 4 .  Graph f o r  N i n  Air As a 
of t h e  Form Parameter a t  t h e  Leading Function o f  t h e  Suction Parameter 
C r i t i c a l  Point  f ( 0 ) :  1 ,  From Data of t”“: 1 ,  From Data of [ 2 ] ;  2 ,  From 
[ 2 ] ;  2 ,  From Data of 131. Data o f  [ 3 ] .  

A f t e r  c a l c u l a t i n g  t h e  form parameter f ( x )  from formula (28 ) ,  we use t h e  
r e l a t i o n s h i p s  < ( f ,  t**)  and H ( f ,  t**) given i n  [2 and 31 t o  determine a l l  
remaining c h a r a c t e r i s t i c s  of t h e  laminar boundary l a y e r  i n  a compressible gas 
i n  t h e  presence o f  s u c t i o n  from formulas (18)-(24) .  

The proposed method i s  developed i n  a p p l i c a t i o n  to two-dimensional flow. 
In  t h e  case o f  an axisymmetric boundary l a y e r  on a s o l i d  o f  r e v o l u t i o n ,  t h e  
same formulas may be  used as a r e  used f o r  two-dimensional f low. The only 
change i s  i n  t h e  form of  equat ion o f  c o n t i n u i t y  (2) where t h e  c o f a c t o r  r0 ’  
t h e  r a d i u s  of t h e  c ros s - sec t ion  o f  t h e  s o l i d  of  r e v o l u t i o n ,  is  added i n  
pa ren theses .  In  t h i s  ca se ,  i n t e g r a l  (28) takes  on t h e  form 

The remaining c h a r a c t e r i s t i c s  of  t h e  laminar boundary l a y e r  on a s o l i d  
of r e v o l u t i o n  may be  c a l c u l a t e d  from t h e  same formulas as those  used f o r  t h e  
two-dimensional ca se .  
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EQUATIONS O F  M O T I O N  O F  N O N - N E W T O N I A N  FLUIDS 

I .  A .  Pishchenko, 0 .  M .  Yakhno and A .  I .  Ovsyannikov 

ABSTRACT: New equat ions of motion f o r  non-Newtonian Fluids 
a r e  t h e o r e t i c a l l y  analyzed w i t h  regard t o  tnei r rheological 
c h a r a c t e r i s t i c s  ( e f f e c t  o f  t r ansve r se  v i s c o s i t y ,  e t c . ) .  
T h e  equat ions of  motion f o r  these f l u i d s  a r e  given i n  both 
cy1 i n d r i c a l  and Cartesian coordinate  systems. 

I t  may be  assumed i n  most cases t h a t  the motion o f  rheo log ica l  (non- /56
Newtonian) f l u i d s  i n  which cons ide ra t ion  i s  given t o  t h e  change i n  s t r u c t u r e  
of  t h e  f l u i d  i t s e l f  caused by s i n g u l a r i t i e s  i n  t h e  given flow. These s ingu­
l a r i t i e s  may be  due t o  processes  of  r e o r i e n t a t i o n  o r  some complication i n  t h e  
s t r u c t u r e  of extremely l a r g e  molecules.  For i n s t a n c e ,  during t h e  motion of  
polymer media, s t r a i g h t e n i n g  and s t r e t c h i n g  of  t h e  long-chain molecules i s  
observed which leaves i t s  imprint  on the  s i n g u l a r i t i e s  of  t h i s  flow. 

The given s t r u c t u r a l  changes i n  t h e  flowing media a r e  dependent t o  a 
considerable  e x t e n t  on t h e  fo rces  ,which produce t h i s  f low, i . e .  on p res su re  
f o r c e s .  Depending on t h e  time of  a p p l i c a t i o n  o f  t h e s e  f o r c e s ,  t h e  l i q u i d s  
may show various p r o p e r t i e s :  e l a s t i c i t y ,  p l a s t i c i t y ,  e t c .  , i . e .  p r o p e r t i e s  
which a r e  c h a r a c t e r i s t i c s  no t  only of  non-Newtonian f l u i d s ,  b u t  a l s o  of  New­
tonian f l u i d s  and s o l i d s .  

The development o f  t he  s c i e n c e  of s t r u c t u r e  formation has shown t h a t  
between t h e  l i m i t i n g  s t a t e s  of  m a t t e r - - i d e a l l y  e l a s t i c  bodies  and media which 
conform t o  Newton's law-- there  a r e  continuous t r a n s i t i o n s  which r e s u l t  i n  a 
tremendous v a r i e t y  of  media of  an in t e rmed ia t e  na tu re  which a r e  e s s e n t i a l l y  
d i f f e r e n t  from s o l i d s  only i n  t h e i r  r e l a x a t i o n  p r o p e r t i e s .  

Some authors  [ l ,  31 have concluded t h a t  t h e r e  a r e  no fundamental d i f ­
f e rences  between l i q u i d s  and s o l i d s ,  and t h a t  t h e r e  i s  a common constant  which 
c h a r a c t e r i z e s  both types  of  media. This constant  i s  t h e  r e l a x a t i o n  time 

where n i s  t h e  c o e f f i c i e n t  of  v i s c o s i t y  and E i s  t h e  modulus o f  e l a s t i c i t y  f o r  
t h e  medium, 

If t h e  deforming f o r c e s  act on t h e  given medium f o r  a s h o r t  p e r i o d  of  ­/ 5 7
t i m e ,  any f l u i d  w i l l  b e  l i k e  an i d e a l  e l a s t i c  medium. This  s ta tement  i s  
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completely a p p l i c a b l e  even t o  such c l a s s i c a l  Newtonian f l u i d s  as water. 
Ac tua l ly ,  i f  t h e  deforming fo rces  a c t  f o r  a time p e r i o d  s h o r t e r  than t h e  r e ­
l a x a t i o n  t i m e  f o r  water, which i s  T = s e c ,  then t h e  water  w i l l  behave

W 
l i k e  an e l a s t i c  body with a modulus o f  e l a s t i c i t y  E = N / m 2 .  

For  considerably more viscous f l u i d s  such as polymer me l t s ,  t h e  r e l a x ­
a t i o n  time may reach an apprec i ab le  va lue .  In  t h i s  case i t  becomes necessary 
t o  consider  t h e  e l a s t i c  p r o p e r t i e s  o f  t h e  moving f l u i d .  These p r o p e r t i e s  
depend t o  a cons ide rab le  e x t e n t  on t h e  temperature o f  t he  medium s i n c e  t h e  
values of  T and Q change considerably with a v a r i a t i o n  i n  temperature,  while  
E i s  nea r ly  c o n s t a n t .  

The g e n e r a l i t y  of  t h e  p r o p e r t i e s  of r h e o l o g i c a l  f l u i d s  i s  no t  l i m i t e d  t o  
e l a s t i c  p r o p e r t i e s  a lone.  I t  i s  shown i n  [6] t h a t  c e r t a i n  condi t ions i n  high­
l y  viscous media (polymer media) may l ead  n o t  on ly  t o  s t r e s s e s  which a r e  longi­
t u d i n a l  with r e s p e c t  t o  t h e  motion of t he  medium, b u t  t o  s t r e s s e s  which a r e  
normal t o  t h a t  motion. 

Weissenberg observed the  “ t r a n s v e r s e  v i s c o s i t y  e f f e c t ”  which now b e a r s  
h i s  name. This e f f e c t  i s  observ.ed under t h e  cond i t ion  

are t h e  p r i n c i p a l  Weissenberg s t r e s s e s ;  Ran, Rbv. Rcw 
a r e  t h e  components o f  r e v e r s i b l e  deformation; g ( P ,  R )  i s  the  shea r  modulus of  
t he  system. 

Subsequent i n v e s t i g a t i o n s  have shown t h a t  t h i s  e f f e c t  is  observed not  
only i n  high-polymer s o l u t i o n s ,  b u t  i n  any d i spe r sed  systems which a r e  some­
what e l a s t i c  with r e s p e c t  t o  shape,  Since t h e  e l a s t i c  p r o p e r t i e s  o f  a m a t e r i a l  
a r e  determined t o  a considerable  e x t e n t  by r e l a x a t i o n  t ime,  t h e  ex ten t  t o  which 
the  Weissenberg e f f e c t  i s  observed a l s o  depends on time T. 

The p r o p e r t i e s  of  rheo log ica l  media given above a r e  expressed i n  t h e  
equation of a s t a t e  f o r  a non-Newtonian f l u i d  proposed by Reiner with regard 
t o  t h e  hypothesis  of ex i s t ence  of  a c o e f f i c i e n t  o f  t r a n s v e r s e  v i s c o s i t y  rl

W 
: 

where p is  t h e  i n t e r n a l  p re s su re  of t h e  f l u i d ;  P . .  are t h e  components o f  t h e  
1 3  
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stress t e n s o r ;  i s  t h e  Kronecker d e l t a ;  R i j ,  Ria, R a r e  t h e  r e s p e c t i v e
'i j a j  

components of t h e  s t r a i n  ra te  t e n s o r ;  n ,  

t u d i n a l  and t r a n s v e r s e  v i s c o s i t y ,  r e s p e c t i v e l y .  

are t h e  c o e f f i c i e n t s  o f  longi­'e 

According t o  formula ( Z ) ,  t h e  t a n g e n t i a l  stress T during motion of  a /58
rheo log ica l  flow should be  determined from t h e  r e l a t i o n s h i p  

where 	E i s  t h e  s t r a i n  r a t e  t e n s o r ,  

In  t h i s  case i t  may be  assumed t h a t  t he  c o e f f i c i e n t s  o f  l ong i tud ina l  
and t r a n s v e r s e  v i s c o s i t y  a r e  func t ions  of  t h e  s h e a r  s t a t e .  Since q and q 

a r e  s c a l a r  q u a n t i t i e s ,  they may be  func t ions  of s c a l a r  q u a n t i t i e s  only such 
e 

as  t h e  t h r e e - i n v a r i a n t s  of t h e  s t r a i n  r a t e  t e n s o r .  In view of  t he  condi t ion 
of c o n t i n u i t y ,  t h e  f i r s t  i n v a r i a n t  I 

1 
= 0 .  Consequently, rl and q a r e  func­

e 
t i o n s  of I 2 and I3 o n l y ,  

Let us assume i n  t h e  f irst  approximation t h a t  t he  q u a n t i t y  q i s  c lose  e 
t o  cons t an t ,  and t h a t  t h e  c o e f f i c i e n t  o f  l ong i tud ina l  v i s c o s i t y  q may be  de­
termined from the  Ostwald power law: 

where K i s  a constant  which c h a r a c t e r i z e s  t h e  d e n s i t y  o f  t h e  medium; n i s  t h e  
flow index; I 2 is  a q u a d r a t i c  i n v a r i a n t  o f  t he  s t r a i n  r a t e  t e n s o r  F. 

I n  C a r t e s i a n  coord ina te s ,  t h e  expression f o r  t h e  second i n v a r i a n t  of t he  
s t r a i n  ra te  t e n s o r  may be  r ep resen ted  as 



For the. case o f  two-dimensional f low, t h e  given i n v a r i a n t  may b e  re­
w r i t t e n  as fol lows 

In  view of  t h e  f a c t  t h a t  t h e  change i n  v e l o c i t y  along t h e  flow is  con­
s i d e r a b l y  less pronounced than t h e  change with r e s p e c t  t o  c r o s s - s e c t i o n ,  i t  i s  
n a t u r a l  t o  assume t h a t  r e l a t i o n s h i p s  o f  t h e  form 

a r e  vanishingly small  and consequently 

S u b s t i t u t i n g  equat ion (4) with regard t o  expression (7) i n  r e l a t i o n s h i p  ­/ 5 9  
( Z ) ,  we g e t  an expression f o r  t h e  rheo log ica l  Re ine r ' s  l a w  

To d e r i v e  an equat ion f o r  t h e  motion of  a non-Newtonian f l u i d ,  we use 
t h e  Reiner formulas der ived above on t h e  one hand, and equat ions of  motion f o r  
a continuous medium on t h e  o t h e r .  

The equat ions o f  motion f o r  a continuous medium are w r i t t e n  i n  stresses 
i n  combination with t h e  equat ion of  c o n t i n u i t y  i n  t h e  Car t e s i an  coordinate  
system as fo l lows :  
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According t o  formula (8) , t h e  r e l a t i o n s h i p  between t h e  s t r e s s  components 
and s t r a i n  r a t e  i s  w r i t t e n  i n  t h e  form 

S u b s t i t u t i n g  t h e  r e s u l t a n t  express ions  (11) i n  t h e  equat ion  of  motion 
f o r  a continuous medium (101 , and performing c e r t a i n  t r ans fo rma t ions ,  we 
f i n a l l y  g e t  
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I t  i s  o f t e n  convenient t o  use an orthogonal c u r v i l i n e a r  coordinate  ­/ 6  1 
system such as a c y l i n d r i c a l  system i n s t e a d  of  t h e  r e c t a n g u l a r  coordinate  
system, In t h i s  case we have t h e  following r e l a t i o n s h i p  between t h e  c y l i n d r i ­
c a l  coordinates  r ,  4 ,  z and the  Car t e s i an  coordinates  x, y ,  z :  

The Lame c o e f f i c i e n t s  t a k e  t h e  fol lowing form: 
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The p r o j e c t i o n s  of  body f o r c e  F on t h e  c y l i n d r i c a l  coord ina te  axes w i l l  
b e  pg,, pg+,  p g z .  Then a f t e r  computing a l l  terms i n  t h e  equat ions  of  system 

(12) from t h e  corresponding formulas ,  we g e t  an equat ion  f o r  t h e  motion o f  a 
rheo log ica l  f l u i d  i n  c y l i n d r i c a l  coord ina tes  : 

I f  we assume t h a t  K = p = cons t ,  n = 1 and rl = 0 ,  systems of  equat ionse 
( 1 2 )  and (13) t ake  on t h e  form o f  Navier-Stokes equat ions  f o r  a viscous f l u i d .  

Equations (12) and (15) may be  used f o r  s tudying  laminar  motion of  non-
Newtonian f l u i d s  wi th  regard  t o  t h e  e f f e c t  of  t he  t r a n s v e r s e  v i s c o s i t y ,  i . e .  /62
e l a s t i c i t y .  The gene ra l i zed  Reynolds number which c h a r a c t e r i z e s  the  na tu re  of 
flow i n  t h e  form considered by Metzner [4 ]  

does n o t  account f o r  t h e  e f f e c t  o f  e l a s t i c i t y  and t h e r e f o r e  should be  made more 
p r e c i s e  f o r  e las t ic  f lows.  S tud ie s  conducted by Har r i e s  [SI showed t h a t  t h e  
Reynolds number f o r  flows which have t h e  t r a n s v e r s e  v i s c o s i t y  effect  is  a 

6 1  
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l i t t l e  lower than t h e  values  c a l c u l a t e d  by formula (16): 

Here, c i s  t h e  c o r r e c t i o n  c o e f f i c i e n t  which takes  account o f  e l a s t i c i t y  o f  
t h e  flow. 

where P nn - 'ee i s  t h e  d i f f e r e n c e  i n  t h e  t a n g e n t i a l  components o f  flow p r e s ­

s u r e  (n and e a r e  t h e  a x i a l  and r a d i a l  d i r e c t i o n s ) .  
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RIEMANN AND A L F V E N  WAVES 

N .  V .  Saltanov and V .  S .  Tkalich 

ABSTRACT: T h e  au tho r s  consider  equat ions of magnetohydro­
dynamics w i t h  conduction an i so t ropy .  T h e  cond i t ions  on t h e  
d i s c o n t i n u i t y  s u r f a c e  a r e  w r i t t e n  o u t  as  w e l l  a s  expressions 
f o r  t h e  f o r c e  and moment a c t i n g  on a body i n  a flow. Waves 
of f i n i t e  amplitude a r e  s t u d i e d  f o r  t h e  symmetric problem. 

A system of  equat ions i n  magnetohydrodynamics with conduction anisotropy 	 ( 6 3-[ l o ]  with regard t o  ohmic d i s s i p a t i o n  takes  t h e  fol lowing form: 

-f + -+ 
where H and E a r e  t h e  magnetic and e l e c t r i c  f i e l d s ,  r e s p e c t i v e l y ;  U i s  velo­

c i t y ;  3 is  t h e  energy c u r r e n t  d e n s i t y  vec to r ;  V is  s p e c i f i c  volume; p i s  p res ­
s u r e ;  E i s  t h e  i n t e r n a l  energy of  a u n i t  mass o f  t h e  f l u i d ;  c i s  t h e  v e l o c i t y  
of l i g h t ;  e i s  the  cons t an t  o f  e l e c t r o n i c  charge; M i s  t h e  f l u i d  mass p e r  /64e l e c t r o n ;  vm i s  t h e  c o e f f i c i e n t  of  magnetic v i s c o s i t y .  
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In  t h e  case o f  an 

expressions (5) and (6) 

i d e a l  gas (v = 0) wi th  c e r t a i n  assumptions [3]m 
may b e  used t o  g i v e  

where S i s  t h e  entropy o f  a u n i t  mass o f  t h e  f l u i d ,  

Equations (1 ) - (4 )  and (9) forms a c losed system. In  t h e  case o f  an 
incompressible f l u i d  (V = const)  i t  has been shown [ 3 ]  t h a t  it i s  o f t e n  s u f ­
f i c i e n t  t o  use only equat ions (1) - ( 4 ) .  

-+
Let us cons ide r  a s t a t i o n a r y  d i s c o n t i n u i t y  s u r f a c e  with u n i t  normal n .  

I t  i s  convenient t o  use  t h e  divergent  form o f  t h e  equat ions i n  s e t t i n g  up t h e  
condi t ions on t h i s  s u r f a c e .  Therefore ,  w e  a l s o  w r i t e  ou t  r e l a t i o n s h i p s  ( 2 ) ,  
(4) and (8) i n  d ive rgen t  form: 

4;c - f I i I J k  (i, h, 1 =: 1, 2,3),  

where E i k l  is  a u n i t  antisymmetric t e n s o r  of  t h i r d  o rde r ;  ‘ik i s  t h e  p u l s e  

f l u x  d e n s i t y  t e n s o r .  

Equations ( l ) ,  ( 3 ) ,  ( S ) ,  ( 8 ) ,  (10) and (11) g ive  us the  following con­
d i t i o n s  on t h i s  s u r f a c e :  

where t h e  s u b s c r i p t  n des igna te s  t h e  components of t h e  vec to r s  and t enso r s  
which a r e  normal t o  t h e  s u r f a c e ;  LI i s  magnetic pe rmeab i l i t y .  

Let us consider  a f i x e d  s o l i d  loca t ed  i n  t h e  flow. Using t h e  cond i t ions  
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of c o n t i n u i t y  f o r  t h e  normal components o f  t h e  p u l s e  f l u x  t e n s o r  on t h e  sur­
face of  t h e  s o l i d ,  w e  g e t  t h e  fol lowing expressions f o r  t h e  f o r c e  6 and t h e  

-+ 
moment M a c t i n g  on t h e  s o l i d :  

where dS i s  an element of  a r e a  on t h e  s u r f a c e  of  t h e  s o l i d .  
-+Let us consider  a problem i n  which t h e  q u a n t i t i e s  3 ,  U and V a r e  i n ­

dependent of  t h e  coord ina te s  x2 and x3 with a d d i t i o n a l  cond i t ions  which w i l l  /65-
be  def ined during t h e  course of  t h e  d i s c u s s i o n ,  We s h a l l  c a l l  t h i s  t h e  sym­
met r i c  problem f o r  t h e  sake of  b r e v i t y .  

Let us consider  t he  symmetric problem f o r  t h e  case of  an i d e a l  gas  
(vm = 0 ) .  From equat ion (1) and t h e  f i r s t  component o f  equat ion ( 2 ) ,  we ge t  

H1 = H0 
= const ( t he  s u b s c r i p t  1 i n d i c a t e s  t he  x-components of t h e  vec to r s  

where x x1) , Let Ho = 0 .  Then t h e  term appearing i n  equat ion ( 2 )  which i s  

p r o p o r t i o n a l  t o  f3 w i l l  b e  equal t o  0 .  Consequently t h e  magnetic l i n e s  of 
f o r c e  are frozen i n  t h e  m a t e r i a l .  

In  s o l v i n g  t h e  equat ion o f  c o n t i n u i t y ,  w e  i n t roduce  t h e  p a r t i c l e  func t ion  
$:  

Using r e l a t i o n s h i p s  (15) and assuming t h a t  t h e  entropy S i s  a l s o  inde­
pendent of coord ina te s  x2 and x3, w e  wr i te  t h e  gene ra l  s o l u t i o n s  of  t h e  

second and t h i r d  components of  equat ions ( 2 ) ,  (4) and (9) i n  t h e  form 
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-f -t
Here .(I)), U ( $ J ) ,and S ( $ )  are a r b i t r a r y  func t ions  o f  t h e i r  argument. 

S u b s t i t u t i n g  equat ions (16) i n  formula ( 7 ) ,  w e  g e t  an expression f o r  t h e  
e l e c t r i c  f i e l d  

+
where e i s  t h e  u n i t  v e c t o r  p a r a l l e l  t o  t h e  x -ax i s .  

+
S u b s t i t u t i n g  r e l a t i o n s h i p s  (16) f o r  H and S i n  t h e  f i r s t  component of  

equat ion o f  motion (4), we convert  t o  Lagrange v a r i a b l e s  (I), t )  i n  t h e  re­
s u l t a n t  r e l a t i o n s h i p .  By convert ing t o  Lagrange v a r i a b l e s  i n  expressions (15), 
w e  e l imina te  t h e  x-coordinate  from t h e  r e s u l t a n t  equat ions.  I n  t h i s  way we 
g e t  

Kaplan and Stanyukovich made c e r t a i n  assumptions and reduced t h e  symmet­
r i c  problem i n  non-d i s s ipa t ive  magnetogasdynamics with i s o t r o p i c  conduc t iv i ty  
t o  a gas dynamic problem with a l t e r e d  equat ion o f  s t a t e  [ 2 ] .  The r e s u l t  was 
l a t e r  confirmed i n  [4] during i n v e s t i g a t i o n s  i n  magnetogasdynami-cs and co l ­
l i s i o n l e s s  magnetogasdynamics with a n i s o t r o p i c  p r e s s u r e  with s e v e r a l  more 
general  assumptions. As shown above , t h e  symmetric problem o f  n o n d i s s i p a t i v e  
magnetogasdynamics with a n i s o t r o p i c  conduc t iv i ty  a l s o  reduces t o  a gas dynamics/66­
problem with a l t e r e d  equat ion of  s t a t e .  This s i t u a t i o n  means t h a t  most o f  t h e  
known r e s u l t s  i n  o rd ina ry  gas dynamics may be extended t o  the  case under con­
s i d e r a t i o n .  In  p a r t i c u l a r ,  Riemann waves may be e a s i l y  s t u d i e d  [ 2 ,  4 ,  51. 

Let us consider  t h e  symmetric problem o f  a f l u i d  with a n i s o t r o p i c  con­
d u c t i v i t y  (V = c o n s t ) .  I n  t h i s  case we g e t  t h e  following i n t e g r a l s  o f  symmetry 
from equations (1) and ( 3 )  and the  f irst  components o f  equat ions (2)  and ( 4 ) :  
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Here, H0 i s  an a r b i t r a r y  cons t an t ;  U o ( t ) ,  Q 2 ( t ) ,  Qg(t)  and f ( t )  are 

a r b i t r a r y  func t ions  of  t ime. L e t  us no te  t h a t  i n t e g r a l s  o f  symmetry (19) 
coincide with those given i n  [9] where t h e  case of  a f l u i d  wi th  i s o t r o p i c  
conduc t iv i ty  was considered.  

Using t h e  i n t e g r a l s  of  symmetry, w e  convert  t h e  second and t h i r d  com­
ponents of  equat ions (2) and (4) t o  t h e  fol lowing system of l i n e a r  equat ions 

I n  view of t he  l i n e a r i ' t y  of  equat ions ( 2 0 ) ,  f i e l d s  and 2 s a t i s f y  t h e  
p r i n c i p l e  of  supe rpos i t i on  [9 ,  l o ] .  Because o f  t h e  l i n e a r i t y  of  system ( Z O ) ,  
t h e  well-known methods of  mathematical pQysics+may be  used i n  so lv ing  the  
problems, A f t e r  determining t h e  f i e l d s  h and u from equat ions (20) and sub­
s t i t u t i n g  these  values  i n  the  t h i r d  r e l a t i o n s h i p  of  system (19) ,  t h e  p r e s s u r e  
p may be  determined, Let us p o i n t  out  t h a t  a number of problems i n  d i s s i p a t i v e  
magnetohydrodynamics wi th  a n i s o t r o p i c  conduc t iv i ty  have been s t u d i e d  on t h e  
b a s i s  of  systems o f  type (20) i n  [6-8,  11 and o t h e r s ] .  

When vm = H0 
= 0 ,  t h e  general  s o l u t i o n  of  (20) t akes  t h e  form 

+
where I$ and $ are a r b i t r a r y  func t ions  o f  t h e i r  argument. 

L e t  Ho # 0 .  By in t roduc ing  some p o t e n t i a l ,  we s o l v e  t h e  equat ion of  

e l e c t r i c a l  i nduc t ion  (20) : 
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where A i s  t h e  v e c t o r  p o t e n t i a l .  To determine t h e  q u a n t i t y  a ' w e  s u b s t i t u t e  
expression (22)  i n  equat ion of motion (20) :  

+
L e t  Q = 0 .  Solving t h e  f i r s t  equat ion i n  system (23) and s u b s t i t u t i n g  

t h e  r e s u l t  i n  t h e  second equat ion,  we g e t  

Thus, t h e  problem reduces t o  the  s i n g l e  l i n e a r  equat ion (25). We d e t e r ­
mine a l l  p h y s i c a l  q u a n t i t i e s  from formulas (19 ) ,  ( 2 2 )  and (24) .  Assuming t h a t  

= 0 ,  i n  expressions (20),  (22)-(25) ,  we g e t  t h e  r e l a t i o n s h i p s  for t h e  m 
5ymmetric problem of  nond i s s ipa t ive  magnetohydrodynamics with a n i s o t r o p i c  
conduc t iv i ty .  

Let us  consider  t h e  case of propagat ion of  a wave of  f i n i t e  amplitude i n  
a n o n d i s s i p a t i v e  (v = 0)  f l u i d  along a c o n s t a n t  f i e l d  H

0 
. Using expression

m 
(25)  and assumj.ng t h a t  Uo = 0 ,  F = exp i (kx - u t ) ,  we a r r i v e  a t  t h e  d i s p e r s i o n  

equat ion 

where v i s  t h e  Alfven v e l o c i t y .a 

Finding t h e  phase v e l o c i t y  v+ = w/k from equat ions (26), we g e t  
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Here n i s  t h e  number of  e l e c t r o n s  p e r  u n i t  of volume. Rela t ionships  ­/ h 8  
(27) desc r ibe  a f a s t - t r a v e l l i n g  (V@ > v a) o r  high-frequency wave, and a slow-

t r a v e l l i n g  ( v ~< v
c1
) o r  low-frequency wave. The g r e a t e r  t h e  parameter K ( i . e .  

t h e  s h o r t e r  t h e  wave l eng th  and t h e  lower t h e  d e n s i t y ) ,  t h e  g r e a t e r  w i l l  be  
t h e  d i f f e r e n c e  between t h e  phase v e l o c i t i e s  of  t h e s e  waves and t h e  Alfven 
v e l o c i t y .  When K 1 ( i . e .  when t h e  waves are f i a r l y  long and t h e  d e n s i t i e s  
are f a i r l y  h i g h ) ,  t h e  phase v e l o c i t i e s  o f  bo th  waves a r e  c l o s e  t o  t h e  Alfven 
v e l o c i t y .  

Let u s  cons ider  t h e  problem of  a s imple r e sona to r  which c o n s i s t s  o f  a 
plasma l a y e r  confined by m e t a l l i c  s u r f a c e s  a t  x = 0 and x = x0' The magnetic 

f i e l d  H
0 

i s  perpendicular  t o  t h e s e  s u r f a c e s .  By us ing  a s o l u t i o n  of t h e  form 

i3 = B
0 

x s i n  kx s i n  u t  t o  s a t i s f y  boundary condi t ions  E 2 = E 3 = 0 when x = 0 

and x = x0' we a r r i v e  a t  d i s p e r s i o n  equat ion  (26) .  In  t h i s  case ,  k = s r / x  0 
(s = 1, 2 ,  3, . . .) .  After t r ans fo rma t ions ,  we g e t  f o r  high-frequency and low-
frequency s t and ing  waves: 

Let us  cons ider  one t h e  modes. A s  implied by equat ion  ( 2 8 ) ,  t h e  f r e ­
quencies  of  each wave i n c r e a s e  l i n e a r l y  wi th  an inc rease  i n  t h e  f i e l d  H0 a t  a 

f i xed  va lue  of t h e  dimensionless  d e n s i t y  N .  The f r equenc ie s  of both waves 
decrease  when N i s  increased  while  t h e  magnetic f i e l d  i s  he ld  cons t an t .  In  t h i s  
case ,  i f  N 1, t h e  frequency of  t h e  low-frequency wave i s  c l o s e r  t o  wH' D i s ­

pe r s ion  r e l a t i o n s h i p s  (27)  and (28)  may be der ived  from d i s p e r s i o n  r e l a t i o n ­
s h i p s  f o r  t h e  ex t r ao rd ina ry  and o rd ina ry  waves [l] assuming t h a t  

where m i s  t h e  mass of  t h e  e l e c t r o n .  
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CRITERION FOR ENGINEERING STABILITY OF WING 
MOTION CLOSE TO THE INTERFACE BETWEEN TWO MEDIA 

A. N. Golubentsev, A. P. Akimenko and N. F. Kirichenko 

ABSTRACT: Differential equations are derived for non-1inear 

vibrations of a wing under flight conditions close to a de­

flector, the conditions for motion stability of the wing in 

the vertical plane are considered and a method is proposed 

for finding the region of asymptotic stability for vibrations 

of this type. 


Engineering Stability for Motion of a Wing in the Case of Perturbations With 

Respect to Height 


Let us consider the non-linear vibrations of a wing in the vertical plane ­/69 

when the wing is moving with a constant horizontal velocity component v close 

to the interface between two media. We assume that the angle between the 

chord of the wing and the interface does not change with time. The coordin­

ate system xoy is as shown in Figure 1. 


The oscillations of point C located at the 

center of gravity of the wing are described by 


Figure 1. Diagram of Wing where m, A and S are the mass, aspect ratio and 
Motion. area of the wing respectively; p is the mass 

density of the air; c1 is the instantaneous angle
of attack equal to y/v; 

Cy(A, (I, y)  is the coefficient of lift of the wing as a function of aspect 
ratio A, angle of attack (I and height above the interface y .  

Due to the effect of the interface, the relationship between coefficients 
CY ( A ,  a, y) and C 'Y (A, a, y) on the one hand and the values o f  A and y on the 
other is non-linear [2 ] .  Two methods may be used for determining this analyt­
ical relationship. The first method is as follows. If experimental data on 

7 1  



C
Y 

and C '
Y 

as functions of A and y are accumulated in the form of tables o r  

graphs, these relationships may be approximated by the method of least squares.
Let us assume that the given relationships take the form ­/70 

where a.., b.. (i, j = 0, 1, 2) are specific quantities corresponding to a pre­
11 11 

determined value of c1 determined during analysis of experimental data by the 

method of least squares. 


The second method is to find the analytical relationships by theoretical 

hydromechanical investigation. 


Taking consideration of equation ( l ) ,  we determine the height h0 at which 

the wing will be in equilibrium from the expression 


Solving equation ( 3 ) ,  we get 

The equation for disturbed motion of the wing may then be written in the 

form 
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Let us introduce the notation 


Since C
Y 
decreases with an increase in height y and increases with an 

increase in the angle of attack [l], it follows that 


i.e. the motion of the wing is asymptotically stable in the linear approxima­

tion. 


However, the singularities involved in the motion of a structure close to 

a deflector make it necessary for us to investigate problems in what is called 

engineering stability rather than Lyapunov stability in the classical sense. 

In other words, we must select the parameters of the system and the permissible

region of initial perturbations in such a way that the solution of equation (7)

does not exceed the level 


assuming fulfillment of the condition 
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i . e .  it i s  necessary  t o  e s t a b l i s h  under what cond i t ion  t h e  wing i n  i t s  motion 
w i l l  no t  touch t h e  i n t e r f a c e  between t h e  two media o r  d e v i a t e  from t h i s  i n ­
t e r f a c e  by a he igh t  g r e a t e r  t han  2HO(X, m, s, v)  and w i l l  be  a sympto t i ca l ly  

s t a b l e  i n  motion. 

For t h i s  purpose we use N .  G .  Chetayev's method [3] t o  cons t ruc t  a 
Lyapunov func t ion  i n  t h e  form 

Then t h e  func t ion  

+ (Ai)? [-

w i l l  be  nega t ive ly  def ined  i n  t h e  reg ion  

I &  I < I I ,  (A,  m,s,.o),. 

l A i l  4 u,, 

i f  

In  t h i s  case  
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where 


does not disrupt the stability of the system if the parameters-of the wing 
satisfy conditions (13). This is because the function v(Ay, Ay) decreases 
monotonically along the trajectories of the system in rectangle (12) in view 
of its construction, but since this function is a positively defined quadratic
form, 

i.e. condition (9) is fulfilled as was necessary. 


Let us consider the equation for vibrations of a wing without regard to 

change in the angle of attack: 


l,g -1- c, (?,,a ----Y' ) .v '  lJ s Pi'? . 

By using the methods of Andronov's qualitative vibration theory, we may 
determine the condition where the solution of expression (16) without attenua­
tion does not reach the level 

Ay :== - Il,, 

i.e. the wing is not located on the interface between two media. 


Without regard to attenuation, we write equation (5) in the form 
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I 

where the expressions 

satisfy equation (3)  with regard to relationship (2). 

We write formula (17) in the form /74 

--... -.-f!l ( L ! ! y - + F2-(:l!/y(M' _ _  _ ,  
2 2 I .  

or 


where C is the constant of integration. 

In the phase plane Ay, Ay we get the qualitative picture shown in Figure 

2, a and b. 


If perturbation of the initial values Ay(O), AG(0) at the initial instant 

satisfies the condition 


then 
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Figure 2 .  Diagram of zone of stable wing motion: a, for a2 z 

> 0; b, for a
2 

0. 

Parameters for Engineering Stability of a Wing in the Permissible Region of 
Perturbations With Respect to Height and Angle o f  Attack 

The equations of disturbed motion of a wing with regard to the effect of 

the change in angle in inclination of the chord of the wing to the Qx-axis 

(see Figure 1) are as follows: 


where b is the chord of the wing; kl, k2 are the damping coefficients of the 
medium; 

+P 
is some angle of attack which may be taken as equal in magnitude to 

the angle of attack for steady-state (undisturbed) motion. 


Introducing the corresponding notation, we ltewrite system (21) in the ­/75
form 
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Using N. G. Chetayev's method [3], we construct two Lyapunov functions 

for system (22): 


Then in order to satisfy conditions 


I i\y (i) [ .<h; 
-

I Arp (f)I G y 

where t > 0, it is sufficient to fulfill the inequalities 

(251 


in set ( 2 4 ) ,  where 

It is assumed in this case that the initial perturbations satisfy the /76-
inequalities 
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METHOD OF CALCULATING NON-LINEAR 
PITCH I NG OF 'HYDROFOI L VESSELS 

V .  I .  Kovolev 

ABSTRACT: The author considers motion of a hydrofoil vessel 
against the waves under conditions where the waves are regular. 
Non-stationary hydrodynamic forces are determined on the basis 
of the solution found by A.  N. Panchenkov. The method o f  
finite differences is used for solving equations of motion 
with variable coefficients. 

Let us consider the motion of a vessel with shallow hydrofoils on regular / 7 7-
sinusoidal waves (motion against the waves). We shall assume that the am­
plitudes of waves and oscillations are so small that the squares of oscillation 
amplitudes may be disregarded. We shall also disregard interaction between 
the forward and aft hydrofoils. The problem of hitching of a hydrofoil ves­
sel was solved in similar formulation by I. T. Yegorov and M. M. Bun'kov [l] .  

The proposed numerical method differs from that mentioned in that it may 

be used to account for the non-linearity of hydrodynamic forces which arise 

on the hydrofoils. This non-linearity is fairly appreciable in the case of 

shallow hydrofoils even where the oscillations are relatively small. 


The coefficient of lift C y  which determines the vertical forces supporting 
the vessel at a given height depends on the submersion of the hydrofoil hi' 
the effective angle of attack a .  and the relative vertical velocity of the 

1 

hydrofoil yi. For the case of motion on quiet water, the values of y i co­
incide with the tangent of the angle between the line tangent to the trajectory 

and the horizon. 


Assuming that all deviations are determined in a coordinate system which 
is in horizontal motion with velocity v

0' 
the ox-axis is located in the plane 

of the undisturbed surface of the water and is parallel to the motion of the 

vessel, and the oy-axis is directed vertically upward and passes through the 

center of gravity of the vessel. These parameters may be expressed as follows: 
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Here hOi is the distance of the i-th hydrofoil from the free surface ­/78 
during steady-state motion on quiet water; aOi is the effective angle of at­


tack corresponding to these conditions, aOi = ak + a0 (ak is the steady-state 
angle of attack, a0 is the angle of zero lift for the hydrofoil); y, y', 9 
and 9 '  are the vertical and angular displacements and their derivatives with 
respect to time; displacements which reduce settling and increase the angle of 
attack of the hydrofoil are taken as positive; xi is the distance along the 
horizontal from the center of gravity of the vessel to the center of pressure
of the i-th hydrofoil; hbi and hii are the instantaneous values of displace­
ment and velocity for the wave relief in the cross-section corresponding to 
the center of pressure of the i-th hydrofoil; vi = v(t) = v0 - vxi is the 
velocity of the i-th hydrofoil with respect to the water; v and v

Y 
are the 


X 

horizontal and vertical components of the orbital velocity of water particles 

at points corresponding to the position of the centers of pressure of the 
hydrofoils; v0 is the velocity of motion of the vessel. 

The lift increment may be represented in the form 


or 


Assuming that 
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where 
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The components of orbital velocity are 


The elements of the wave relief are /80 

The following notation is used in these expressions: p is the mass den­
sity of the water; s. is the area of the i-th hydrofoil; m is the mass of the 
vessel; r is the horizontal radius of gyration of the masses of the vessel; 
r wis half the height of a wave; A w  is the wave length; 

(bi is the chord of the hydrofoil). 


where c is the velocity of  motion of the waves, c = 1.25fl. 

Since the coefficients ai and bi of system of equations (5) and their 


right hand members A and B are considerably dependent on displacements y and 4 ,  
the oscillations described by these equations are non-linear. 

This system may be solved by numerical methods--the Newton method o r  the 
Runge-Kutta method. The second method, although more accurate, is somewhat 
cumbersome. Computational results have shown that the first method gives good
results for a sufficiently large number of steps per period (24-32). 
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On the basis of the selected procedure for solving the system, two 


2,methods may be used for determining the derivatives 3-,
3Y -* 1) these 

derivatives should be calculated directly as a function of , A ,  a ,  etc. on 

the basis of results obtained in hydrodynamics [2], and then introduced into 
the problem on oscillations in analytical or tabular form; 2) these same 
quantities may be approximately determined as ratios of  the increments to the 

increments of the corresponding arguments \ xjl-'rk;.3)fAC,  AC, for each step in the 

process of calculation. In the given case, the second method was used as the 

least cumbersome. 


According to data in [2], the coefficient of lift which determines the /81
-
vertical conditions is 


Here am = 5.45; 

where 


k is the characteristic of curvature of the intake surface of the hydrofoil,
k = 1; 6 is the relative thickness of the hydrofoil; 
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In equations (16) 


where 


The value of C
Yi 

is determined on each step with respect to the values 
of hi, eti and yi of the preceding step, and consequently ACyi = Cyi(n) - c .yi(n-1)
(n is the number of the step). The first derivative of displacement with 
respect to time may be approximately written in the form 

while the second derivative may be written in the form 

Here yn' Yn-1 and yn-2 
are displacements corresponding to the moments 

of time t1' - At, tl - 2At. 

On the basis of this representation, the equations of motion (after ele- ­/82 

mentary transformation) may be rewritten as follows: 


hence 
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Thus the problem reduces to successive calculation of the quantities 
Yn+1 and 4n+1 from their values in the preceding steps (yn' Yn-1' 4ny 4n-1 etc.). 
Consequently the initial conditions of the problem are indeterminate. We 
assume that the boat is moving on quiet water up to the time t = 0. At t = 0, 
the wave relief with ordinate hB = 0 arrives at the point corresponding to the 
center of pressure of the forward hydrofoil (in the case of head-on waves) or 
the aft hydrofoil (in the case of overtaking waves). This moment corresponds ­/83 
to the zeroth step (n = 0). Displacements are equal to zero when n - 1 and 
n - 2. After determining yo and we introduce the resultant values in 
formulas (21) in place of yn-1 and $I .n-1' compute the discrepencies on the first 
step, etc. In this case, free oscillations will be present together with forced 

oscillations during the first three or four full periods, although these free 

oscillations will be quickly attenuated due to the effect of intense damping, 

and the forced oscillations will remain to be determined. 


Digital computer calculations have shown that non-linearity in the rela­
tionship between the coefficients of the equations and displacements has a 
considerable effect on the form of oscillations even in the case of small 
oscillation amplitudes in transresonance conditions. It has also been deter­
mined that fundamental oscillations with the period of the disturbing force 
are accompanied by oscillations with a period which is a multiple of  the fun­
damental. In this case the amplitude of these oscillations is commensurate 
in certain cases with the amplitude of the fundamental oscillation. 
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This method may be used in calculations which account for lateral os­

cillations (motion on oblique courses, three-dimensional wave conditions, 

etc.). 
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MOTION OF AN INCLINED WING CLOSE TO A DEFLECTOR , 

V .  G. Belinskiy 

ABSTRACT: The author studies the motion of a thin supporting 
surface inclined at an arbitrary angle to a solid deflector. 
A solution for a wing of eliptical planform i s  found on the 
basis of assumptions of lift line theory. Expressions are 
found for the coefficients of lift and banking moment. 

The motion of an inclined hydrofoil beneath the free surface of a liquid ­/84 
was studied by T. Nishiyama [3] .  The motion of an inclined wing with optimum 
distribution of circulation was taken up by P. Zinchuk [ 2 ] .  In this paper 
we shall give the results of an investigation of the effect of a deflector on 
the hydrodynamic characteristics of an inclined wing. 

Let us consider the problem of steady-state motion with velocity v
0 and 

angle of attack cx of a thin supporting surface inclined at an angle 6 to a 
flat solid deflector (Figure 1). The problem is solved by the acceleration 
potential method [ l ] .  

For the velocity potential, we get the expression 

+ I  3.1 _ _  

- I  -I 

- -.0.: - ?.TI? -;-Er, -4. 1;) p - 1 - ( z  -1- :? -i­)Ti : )  -1. 
(11 

-. . - - -. . .. . - .. .. - ~. 

(I.! ,  - ;.q, + ;/, + LiL)? f- ( z  -1- E<; -;-;.I]:. -1 )./It): 

Figure 1.  
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where 


Subjecting expression (1) to the boundary condition on the lifting sur­
face 

we get a two-dimensional singular integral equation for the problem 


At the present time, an equation of this type may be solved only by

numerical methods. To obtain analytical results, we use the assumptions of 

Prandtl's lift line theory. 


Accordingly, we shall assume that 


where 


89 

I 




Using expression (1) as a point o f  departure and taking selationships ­/ 8 6  
(4) into consideration, we may derive an expression for the velocity poten­

tial of an inclined wing of large aspect ratio moving close to a deflector on 

the basis of assumptions of lift line theory: 


where T0 is the potential for the corresponding two-dimensional problem. 

Subjecting this expression to boundary condition (2) and relating the 
value of T0 to the value of the circulation on the wing, we get an equation 
for determining the circulation on an inclined wing close to a deflector: 


-1 

Here a is the tangent of the slope of the curve C = C (a) for an unbounded 
0 Y Y

fluid, where the theoretical value of this slope determined from the solution 
of the corresponding two-dimensional problem is equal to 2 ~ r ;$(?) is a function 
which accounts for the change in a0 in a bounded flow. 

When B = O " ,  equation (6) reduced to an equation for a horizontal wing 
close to a deflector: 

and when B = 90° ,  this equation reduces to an equation for a vertical wing 
close to a deflector 

Let use the notation G(y, T) for the kernel of equation (6). Let us consider 
the integral operator 
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which may be  represented  as t h e  sum of a symmetric term and an asymmetric term: 
- - ­- - !-!I '-(-2)-L I-._u)L (g)- =  L

S
(y) -1- (G):~ (I/) 

2 
-1. LE).­

2 (8) 

We may w r i t e  

where 

- _
The ke rne l s  G,(y, q) and G (7,F) may be t r e a t e d  i n  t u r n  a s  a sum o f  a 

symmetric and asymmetric terms: 

where 

Separa t ing  t h e  c i r c u l a t i o n  i n t o  symmetric and asymmetric terms 

17 (6)= lis (11) -1- I;, (t), 



we g e t  

The func t ion  $(y)  i s  t r e a t e d  analogously: 

Thus we a r r i v e  a t  t h e  system o f  equat ions 

I 

Let u s  g ive  one approximate s o l u t i o n  f o r  t h i s  system. For  t h i s  purpose 
-

9 GI we t a k e  t h e  r a t i o s  of t h e  func t ions  A=-and i n  t h e  form 
(1/) ).k) 
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where 

We s h a l l  seek t h e  s o l u t i o n  of system (14) i n  t h e  form 

The s o l u t i o n  of system (14) with r ega rd  t o  expressions (15) and (16) / 89-
g ives  t h e  fol lowing va lues  f o r  t h e  c a n s t a n t s  A and B :  
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-... ­ -I n  t h e s e  formulas ~~=][luE/j; + 1 -A~H,. /90 
The c o e f f i c i e n t s  o f  l i f t  and banking moment are d e f i n e d s b y  t h e  express ions  

leg 
Figure 2 .  Figure 3 .  

Taking equat ions  (16) i n t o  cons ide ra t ion ,  w e  g e t  

where A and B a r e  def ined  by express ions  (17).  

Given i n  Figure 2 i s  a graph o f  t h e  func t ion  C a  a s  r e l a t e d  t o  t h e  angle
9i 

of i n c l i n a t i o n  6 f o r  a wing with a spec t  r a t i o  X0 = 5,  and r e l a t i v e  d i s t a n c e  

from t h e  d e f l e c t o r  go = 1.1. 

An analogous graph f o r  t h e  func t ion  Ca is  given i n  Figure 3 .  
""TI 

REFERENCES 

1. 	 Panchenkov, A .  N . ,  Gidrodinamika Podvodnogo Kryla [Hydrofoil  Hydrodynamics], 
Naukova Dumka Press, Kiev, 1965. 

2 .  	 Zinchuk, P .  I . ,  Gidrodinamika Nesushchikh Poverkhnostey [Hydrodynamics o f  
L i f t i n g  Surfaces] ,  Naukova Dumka Pres s ,  Kiev, 1966. 

3 .  Nishiyama, T . ,  J .  o f  Ship Research, Vol .  9 ,  No. 2 ,  1965. 

94 




C A L C U L A T I O N  OF T H E  C H A R A C T E R I S T I C S  OF A 
L I F T I N G  SYSTEM W I T H  E L A S T I C  ELEMENTS 

B. S. Berkoyskiy 

ABSTRACT: Data are given from influence function calculations 
which characterize the interaction of elastic and inelastic 
elements of a lifting system of infinite span with each other 
and with a deflector of free surface. 

We shall define a lifting system as a set of closed o r  open lifting ele- ­/91  
ments. In this case a wing with leading and trailing retractible flaps or a 
wing and tail assembly are systems of lifting surfaces. The interaction of 
the rigid elements of the lifting system with each other and with the boun­
daries of the flow causes considerable changes in the force and moment char­
acteristics of isolated surfaces in an unbounded fluid. Elasticity may a l s o  
lead in its turn to considerable changes in the aerohydrodynamic coefficients, 
a fact which may be used for controlling the behavior of the characteristics 
in which we are interested. From this standpoint, investigation of the motion 
of a system of contours with elastic elements and the motion of completely
elastic systems is of both theoretical and practical interest. 

In this paper, solutions found previously1 are taken into consideration 

and data are given from the calculation of influence functions which charac­

terize the interaction of elastic and inelastic elements of a lifting system

of infinite span with each other and with a deflector or free surface. 


The results may be used in the calculation of bodies in an infinite or 
bounded fluid: A wing with passive mechanization with regard to structural 
elasticity, an aircraft lift system, the ltductsl'system, the tandem polyplane, 

and also in the design of special autostable lifting systems. 


The change in properties of an individual element or of the lifting 
system as a whole may be characterized by influence functions--interactions of 
the form /92 

P 
-= 
P ,  97 

where P is the state to be considered; Po is the known state of the element or 
system. 

~~.- ..- ~ . .  . 

IB. S. Berkovskiy, reports at the 17th Scientific and Technical Conference on 
Ship Theory (Krylov Lectures), Leningrad, 1967. 
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In the general case, the state is characterized by a number of parameters: 


P = P (pi,. 

Figure 1 .  The Influence Function o f  the Boundary for an Isolated 
Elastic Contour Where sign Fr = - 1  (Solid Lines) and sign Fr = +1 
(Broken Lines): 1, H = 0; 2, H = 0.1; 3 ,  H = 0.2; 4, H = 0 . 3 ;  
5, H = 0.5; 6 ,  H = 1. 

In our specific case, the force characteristic P is determined by the /94-
parameters of distance from the boundary h, rigidity EI, relative position and 
the ratio of the dimensions of  the elements d which take on both intermediate 
and limiting values: 
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i.e. the influence function of the deflector is 


U', 

w, 

3 3 

2 2 

I 
/ 

d 
C 


Figure 2. Influence Function o f  a Deflector for Element No. 1 
Where sign Fr = -1: a,  t = 1 ;  b,  t = 2; c, t = 3 (The Designations 
For H are the Same as in Figure 1). 

The results of investigations f o r  an isolated element are shown in Figure 
1. In the case of a rigid plate in an unbounded fluid, @ = 1, and in all other 
cases 0 < @ 2 1; the coefficient of lift is C 

Y = a,$aef. 

The influence function of the system is determined from the influence 

function for the element: 


m 

(4) 
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where 


(n is the index of the element, ki is the chord of the i-th element), 


For closed equally large plates, 
the influence functions of the 
elements are given in Figures 2-3, 
and the influence functions of the 
system are given in Figure 4. The 
following notation is used in these 
figures: 

beneath a free surface; sign Fr = /96-
-1 above a deflector; sign R = 
+1 and sign R = -1 correspond to 
displacements of the flap on the 
trailing and leading edges; a .  are 

1 
the angles of attack of the edge. 


Analysis of the results leads 

to the following conclusions. 


For an isolated elastic element 
in an unbounded fluid in the case 
of a flap in the leading edge 
(sign I? = -1) there is a drop in 
lift as compared with a rigid plate 
due to a reduction in the local 
angles of attack in the directionFigure 3 .  Influence Function of A De- of the trailing edge. Consequently,flector for Element No. 2 Where sign we may expect a shift in the centerFr = - 1  and t = 1 (Solid Lines), of pressure toward the leading edget = 3 (Broken Lines). The Designations of the wing and a correspondingfor H are the Same as in Figure 1 .  change in the coefficient of longi­
tudinal static stability a m  / a C y .

Z 

The reverse process takes place in the case of a flap in the trailing edge 
(sign R = +l ) .  
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The l i f t  o f  an e l a s t i c  contour  
c l o s e  t o  a d e f l e c t o r  when s i g n  R = 

u; 

4 


3 

2 

I 

Figure 4 .  Influence Function o f  a 

i n c r e a s e s  less than  f o r  a r i g i d  contour 
-1. A s  t h e  d i s t a n c e  t o  t h e  d e f l e c t o r  

dec reases ,  r e l a t i v e  l o s s e s  i n c r e a s e  
due t o  a r educ t ion  i n  t h e  r a t i o  
a$/aF - - t h e  q u a n t i t y  which charac­
t e r i z e s  t h e  margin o f  s t a t i c  
s t a b i l i t y  o f  t h e  wing with r e s p e c t  
t o  h e i g h t .  When s i g n  R = 1, t h e  
l i f t  o f  an e l a s t i c  contour and t h e  
q u a n t i t y  a$/aF i n c r e a s e  with a 
r educ t ion  i n  t h e  d i s t a n c e  t o  t h e  
d e f l e c t o r  i n  comparison with a 
r i g i d  contour .  

Beneath a f r e e  s u r f a c e  i n  t h e  
case  where s i g n  R = -1, t h e r e  i s  
a r educ t ion  i n  t h e  l i f t  and t h e  
q u a n t i t y  a$/aF as t h e  s u r f a c e  i s  
approached. When s ign  R = +1, 
t h e r e  i s  a t r a n s i t i o n  i n  t h e  
r e s u l t s  t o  t h e  case  of an i n f i n i t e  
f f u i d  a s  t h e  load is  inc reased .  

General conclusions on c losed  
and open suppor t ing  systems may 
be drawn on t h e  b a s i s  of t hose  
enumerated above. Some a d d i t i o n a l  
conclusions a r e  o f  i n t e r e s t .  

A d e f l e c t o r  has a weaker e f ­
f e c t  on a r i g i d  h o r i z o n t a l  element 
o f  c o n t r o l  o r  mechanization with 
lower power percentage wise.  For 
i n s t a n c e  20% of  t h e  c o n t r o l  s u r ­
f a c e s  which produce 5% of t h e  load 
i n  an unbounded f l u i d  show prac­
t i c a l l y  no i n c r e a s e  i n  load c l o s e  

Deflector  o r  a L i f t i n g  S y s t e m  Where t o  a d e f l e c t o r  f o r  t h e  h e i g h t s  a t  
s i g n  Fr = -1;  s i g n  R 1  = - 1 :  a ,  which t h e  system is  operated.  
t = 1 (Solid L i n e s ) ,  t = 3 (Broken There i s  a sha rp  inc rease  i n  l i f t  
L i n e s ) ;  b ,  t = 2 (Designations f o r  H on t h e  remaining c o n t r o l  s u r f a c e s ,  
a r e  t h e  Same a s  i n  Figure 1 ) .  i . e .  t h e  r e l a t i v e  loading o f  a 

20% c o n t r o l  s u r f a c e  ( a i l e r o n ,  e l e ­
v a t o r )  drops apprec i ab ly  c l o s e  t o  a d e f l e c t o r  (by a f a c t o r  o f  1 . 7  when hiyst -­

0 . 2 ) .  Consequently t h e  percentage r a t i o  of  t h e  a r e a s  of  a i l e r o n s ,  f l a p s ,  
e l e v a t o r s  and wing f o r  ground e f f e c t  machines w i l l  b e  i n s u f f i c i e n t  f o r  pro­
v i d i n g  t h e  same c o n t r o l  e f f i c i e n c y  as compared with a i rc raf t  i n  an i n f i n i t e  
f l u i d .  Accounting f o r  s t r u c t u r a l  e l a s t i c i t y  r e q u i r e s  a d d i t i o n a l  determinat ion 
o f  t h e  r a t i o  between t h e  areas of  elements.  
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EFFECT OF PLANFORM ON T H E  AERODYNAMIC C H A R A C T E R I S T I C S  
OF A WING CLOSE TO A DEFLECTOR 

A .  N. Lukashenko, Y u .  I .  Laptev 
and A. G. Novikov 

ABSTRACT: The authors describe the results of experimental 
investigations of wing-plates with various planforms in a 
wing tunnel. Relationships are given for the coefficients 
C 

Y 
= f(a, n ,  C x  = f(a, and k = f(X, n ,  as well as an 

equation which summarizes the results of the theoretical cal­

culations. 


The experimental data given below were recorded in a T-1 wind tunnel at /97
-
a wind speed'of v = 30 m/sec, (Re = 4.6 l o s ) .  The working section of the 
wind tunnel was open. The flow turbulence was E = 1.2%. 

Investigations have shown that a solid fixed deflector has little effect 

on flow obliquity, and therefore it was completely permissible to introduce 

conventional corrections for flow obliquity and the effect of jet boundaries. 


A more complex problem is the violation of boundary conditions on the 
surface of the fixed deflector which apparently results in somewhat of an 
elevation in the measured di,agforces Q, particularly when the distance K be­
tween the wing and the deflector is small. The distances from'the deflector 
were measured from the trailing edge of the wing in the root section. 

The wings were made in the form of metal plates of thickness c = 2%. The 
geometric characteristics of these wings are shown in the table. 

The aspect ratio of the wings A. was varied from 1.25 to 3 since these 
quantities were of the greatest practical interest. 


According to curves for C
Y 

= f(a) (Figure 1) there is an increase in the 
lift coefficient as the wing approaches the deflector for all angles of attack1. 


The best wings with respect to lift-drag ratio k (Figure 2) were those 
of trapezoidal planform. Maximum lift-drag ratio is reached for all wings at 
an angle of attack of approximately 4". As is reduced, there is somewhat of / l o 0  
a reduction in the angle of maximum lift-drag ratio, and this angle reaches 3" 
for some wings when E = 0.1. 

ICurves are not given in this paper for C
X 

= f(a) and Cm
Z 

= f(a). 
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C 

.- . .. 

E
E E 

E 
cd 
cl4 a­v) _.. 

450 350 350 0,1575 1,25 

4 60 230 230 0,1058 2 

690 230 230 0,158:, 3 

4GO 275 165 0,1056 2 

690 300 160 0,1665 3 

690 230 0 0,1585 3 

460 293 0 0,1C58 2 

Calcu la t ion  by formulas der ived by A. N .  Panchenkov and A .  I .  Yukhimenko 
i n  [2]  shows s a t i s f a c t o r y  agreement between t h e o r e t i c a l  and experimental  d a t a .  

Theore t i ca l  curves  f o r  C = f(a) a r e  shown by t h e  l i g h t  l i n e s  i n  Figure
Y 

Ib .  The c a l c u l a t i o n s  were based on t h e  formulas 
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chord of the wing; Z is / l o 1  

-­

. 

e f 

- 0,:1-­

Figure 1 .  Curves f o r  C = f ( a ) :  a, Model No. 1 ;  b y  Model No. 2; c y  Model No. 
Y

3 ;  d, Model No. 4; e, Model No. 5 ;  f ,  Model No. 6; g, Model No. 7 (1, = 0; 
2 , h =  0 . 5 ;  3 ,  Fl-= 0.3; 4,  i7= 0.1) .  
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Figure 2 .  Curves f o r  k = f ( F ) .  Curves 1-7 Correspond t o  the  
max 

Numbers of  t h e  Models i n  t h e  Table.  

The func t ions  

C, (X,J =-= e- 4 h ,  ( b  =: 0,2599); 

with regard t o  a r b i t r a r i n e s s  o f  t h e  a spec t  r a t i o .  
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FLUTTERING WING CLOSE TO THE SURFACE OF A LIQUID OF FINITE DEPTH' 

A. N. Lukashenko 

ABSTRACT: An expression is derived for the influence function 
of a deflector I) = C

Y
/C
Y" 

for a fluttering wing close to the 
surface of a liquid of finite depth. The problem is solved 
by the method developed by the author in his paper on unsteady 
motion of a wing close to a deflector with.10~Strouhal 
numbers, and also by the method of analogy with the problem 
of a fluid of infililite depth. 

An expression was derived in [ 3 ]  for the singular integral operator Ly /lo2 
for a fluttering wing close to a deflector with small Strouhal numbers k: 

The problem of  the motion of a wing close to the surface of a liquid of 
finite depth may be solved as follows, using the method of solution proposed 
in [ 3 ] .  

The regular component G(x - s) of the kernel of equation (1) in this case 
will take the following form [ 2 ] :  

when Fr + m 

when Fr + 0 

-
Here KO is the relative depth of the liquid, h0 = h0/b; ii is the relative dis­-
tance of the wing from the deflector, h = h/b; b is the chord of the wing. 
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Without disturbing the generality of the problem let us consider the /lo3 
case Fr -f 0 ( F r  -f m may be derived analogously without particular difficulties). 

The operator Ly may be presented in the form of two components: 


L y  = Loy -I- L,y, 

-9 

2rc x - - - swhere L0y is the singular characteristic operator, Loy -1-s _1'J(s2ds; 
-1 

Ly is the regular integral operator, 


where 


We may then write equation (3) as follows: 


where H I ( X )  is N. Ye. Kochin's function, 
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- - 

m
Using the operator L-l in the class of functions c0 and integrating in0 

the interval from -1 to +1, we get from expressions (2) and (6) /lo4-

The expression for the influence function of the deflector tJj = C
Y

/C  
Y” 

determined in the first approximation by using Kochin’s functions takes the 
form [3] 

9= ___ . . 
1 -- - --

to
s n (h,KO,/;iIIo (A) P (1.) dh 

1-1- j 0 _ _ _ _ _  
HO (0) 

After being determined 


Here y l 0 ( x )  is the distribution function taken from the problem for an 
infinite fluid [ 3 ] .  

where 


C is Euler’s constant; is the derivative of the velocity potential.
$25 
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By way of example, l e t  us cons ider  t r a n s l a t i o n  v i b r a t i o n s  of  t h e  wing. 
Then 0, = 1, A 1 = IT. 

Leaving out  i n t e rmed ia t e  s t e p s ,  we w r i t e  t h e  express ion  f o r  I) i n  t h e  
fol lowing form: 

$ ~ 

1 - ~ , 
1 -k . " 1 L  

J3 - 2iic 

where 

(I,(A) and I 1 ( A )  a r e  Bessel f u n c t i o n s ) .  

I t  i s  shown i n  [l ,  21 t h a t  a correspondence may be e s t a b l i s h e d  between 
t h e  func t ions  G- (x - s )  f o r  a l i q u i d  o f  f i n i t e  depth and G-h (x - s )  f o r  a 

h h O  
f l u i d  of  i n f i n i t e  depth ,  and t h a t  t h e  f i n a l  r e s u l t  may be der ived  by appro­
p r i a t e  s u b s t i t u t i o n s  i n  t h e  s o l u t i o n s .  

Curve2  f o r  t h e  Function Im($  = 
f ( h ,  h l )  w h e n  k = 0.05:  

I ,  h
1 

= 0 . 0 5 ;  2, K1 = 0.1 ;  3 ,
- ­
h 1 = 0 . 2 ;  4 ,  1 = 0 . 3 ;  5,  h l  = 0 . 5 .  
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Using t h i s  c i rcumstance,  t h e  i n t e g r a l s  which appear 
may be r ep resen ted  i n  t h e  form o f  series with r e s p e c t  t o  
accounts f o r  t h e  f i n i t e  depth o f  t h e  l i q u i d  r a t h e r  than 
with r e s p e c t  t o  T ( a s  i s  done i n  [ 3 ] ) .  Extensive t a b l e s  
E as a func t ion  o f  h,KO and t h e  Froude number, 

Then 

The f i n a l  formula f o r  IIJ w i l l  t a k e  t h e  form 

i n  expres s ion  (7) 
t h e  parameter E which 

i n  t h e  form o f  s e r i e s  
are given i n  [l] f o r  

Curves f o r  t h e  imaginary p a r t  of  t h e  func t ion  I. (see f i g u r e )  show t h a t  
-t h e  e f f e c t  of  v a r i a b i l i t y  i n  t h e  p rocess  dec reases-considerably with an i n ­

c r e a s e  i n  r e l a t i v e  d i s t a n c e s  and where 5- = ho - h .1' 

The func t ion  I. t a k e s  t h e  form [3] 
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C R I T E R  O N  FOR A U T O S T A B I L I Z A T I O N  OF THE M O T I O N  OF A SYSTEM 
OF TWO W I N G S  C L O S E  TO A D E F L E C T O R  

A .  N Golubentsev, A .  P .  Akimenko and N .  F .  Kirichenko 

ABSTRACT: Parameters a r e  found f o r  a s y s t e m  of t w o  r i g i d l y  
interconnected wings s u c h  t h a t  t h e  motion of t h e  s y s t e m  is 
maintained i n  a s t a t e  o f  s t a b i l i t y  o r  asymptotic s t a b i l i t y  
w h e n  s u b j e c t e d  to p e r t u r b a t i o n s  which a r e  given i n  a f i n i t e  
region. T h e  problem is solved in t h e  nonl inear  formulat ion.  

A system o f  two r i g i d l y  connected wings moves a t  a constant  h o r i z o n t a l  
v e l o c i t y  c lose  t o  t h e  i n t e r f a c e  between two media (Figure 1 ) .  The ox-axis l i e s  
on t h e  i n t e r f a c e  between the  two media; t h e  oy-axis moves t o g e t h e r  with t h e  
system and passes  through t h e  c e n t e r  of g r a v i t y  of  t h e  system a t  every moment. 

F i g .  1 .  Schematic Diagram o f  t h e  S y s t e m  of Two Rigidly Connected Wings .  

The cen te r s  of  g r a v i t y  o f  t h e  f irst  and second wings l i e  on t h e  l i n e s  of 
a c t i o n  of  t h e  corresponding l i f t  f o r c e s  I 1 and I2  (a, and a2 a r e  t h e  angles  

between t h e  chords o f  t h e  f irst  and second wings and t h e  a x i s  of  t h e  v e h i c l e ) ,  

The equat ions of motion of  t h e  system with r ega rd  t o  t h e  e f f e c t  of  change 
i n  t h e  angles  of i n c l i n a t i o n  of t h e  chords o f  t h e  wings t o  t h e  ox-axis  and d i s ­
regarding t h e  change i n  v e r t i c a l  displacements i n  d i s t u r b e d  motion t a k e  t h e  
form 


109 




where ?, 1 and X 2  are t h e  a spec t  r a t i o s  of  t h e  f i rs t  and second wings, 

r e s p e c t i v e l y ;  CY i s  t h e  c o e f f i c i e n t  of l i f t  of  t h e  wing; k l  and k 2  a r e  t h e  

damping c o e f f i c i e n t s  o f  t h e  medium. 

The equ i l ib r ium p o s i t i o n  of t h e  system may be  determined from the  follow­
ing  system of  equat ions [I] : 

The equat ions o f  d i s t u r b e d  motion are then w r i t t e n  i n  t h e  form 

where 
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Let us f lnd  t h e  condi t ions which must b e  s a t i s f i e d  by t h e  parameters of 
t h e  given system so t h a t  t h e  requirement 

i s  s a t i s f i e d  f o r  t h e  coordinates  of d i s t u r b e d  motion. 

The phys ica l  meaning of  t h e  cond i t ions  i n  system (4) i s  t h a t  t h e  v e h i c l e  
does no t  c o l l i d e  with t h e  i n t e r f a c e  and t h a t  asymptotic s t a b i l i t y  of d i s tu rbed  
motion is  maintained. 

Let us w r i t e  a system ( 3 )  i n  normal form. F o r  t h e  sake o f  convenience, 
we s h a l l  use t h e  fol lowing n o t a t i o n  f o r  t h e  c o e f f i c i e n t s  A and B : 

n n 
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The necessary and s u f f i c i e n t  cond i t ions  f o r  asymptotic s t a b i l i t y  a r e  
r e a d i l y  e s t a b l i s h e d  f o r  t h e  l i n e a r  approximation o f  system (3)  : 

Let us  use N .  G .  Chetayevvs method [ 3 ]  t o  cons t ruc t  a Lyapunov func t ion  / I l l  
i n  p o s i t i v e l y  def ined q u a d r a t i c  form: 

The c o e f f i c i e n t s  C . .  a r e  determined from t h e  cond i t ion  
1 J  

o r  from the  system of  l i n e a r  a l g e b r a i c  equat ions 

Here ai k  = 0 f o r  t hose  s u b s c r i p t s  which do no t  appear i n  system ( 5 ) ;  6 i j  i s  t h e  

Kronecker d e l t a  
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L e t  us determine t h e  va lue  o f  t h e  c o e f f i c i e n t  C f o r  which t h e  set  

{ x : z , ( x ) = C }  

This  value o f  C i s  determined as  fol lows [2 ] :  

where A4 = d e t  I I C .  . I I ; Mk a r e  t h e  complementary minors t o  t h e  k- th  diagonal  
1J 

element of t h e  mat r ix .  

When t h e  i n e q u a l i t y  

i s  s a t i s f i e d  i n  t h e  reg ion  

then requirement (4)  i s  f u l f i l l e d  i f  t he  pe r tu rba t ion  a t  t h e  i n i t i a l  i n s t a n t  /112  
sa ti sf i e s  t h e  condi t ion  

1 1 4  




4c CijXi(0) xi(0) 4c. 
i.j-1 

Condition (12) takes t h e  form 

when x # 0 ,  where 

I n e q u a l i t y  (15) i s  s a t i s f i e d  fol lowing t h e  system 

Consequently, if the parameters o f  t h e  system s a t i s f y  cond i t ions  (16) ,  
then t h e  system i s  a u t o s t a b i l i z e d  i n  t h e  sense o f  r e l a t i o n s h i p s  (4) f o r  pe r ­
t u r b a t i o n s  bounded by t h e  region o f  values  (14).  
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ON THE FRANKEL PROBLEM FOR CASCADE B L A D I N G  

G. S. Lipovoy 


ABSTRACT: T h e  au thor  d i scusses  formulat ion o f  t h e  problem 
f o r  near  son ic  flow around a vane cascade assuming compres­
s ion  shocks.  

The problem f o r  n e a r  s o n i c  flow around an i s o l a t e d  b l ade  where t h e r e  i s  /113  
a shock wave i s  o u t l i n e d  i n  [4] .  Formulation of  t h e  analogous problem f o r  
cascade b l ad ing  i s  considered below. 

I t  i s  known [1,3] t h a t  a t  gas flows g r e a t e r  than a c e r t a i n  c r i t i c a l  
va lue  M cascade b l ad ing  shows a s e r i e s  of  compression shocks with a f a i r l yc r  ' 1 
complex s t r u c t u r e  which v a r i e s  wi th  a change i n  t h e  mach number M .  A t  c e r t a i n  
va lues  of  M y  t h e  compression shocks have a f i n i t e  ampli tude,  b u t  they may 
become i n f i n i t e  with an i n c r e a s e  i n  M .  I n  t h e  fol lowing d i scuss ion  w e  s h a l l  
l i m i t  ourse lves  t o  flows wi th  f i n i t e  compression shocks (Figure 1 ) .  Fo r  t he  
sake of  s i m p l i c i t y ,  w e  s h a l l  f u r t h e r  assume t h a t  t h e  compression shocks a r e  
r e c t i l i n e a r .  

I n  o rde r  t o  exp la in  t h e  s i n g u l a r i t i e s  o f  
t he  stream func t ion  I) i n  n e a r  s o n i c  flow, l e t  
us f irst  cons ider  vo r t ex  flow of  an incompres­
s i b l e  f l u i d  around t h e  cascade.  The complex 
p o t e n t i a l  and a s soc ia t ed  flow v e l o c i t y  131 t ake  
t h e  fo l lowing  form: 

Fig.  1 .  

Using t h e  n o t a t i o n  

w e  g e t  /114 
(3) 
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Then t h e  express ion  for the complex p o t e n t i a l  i n  t h e  hodograph p l ane  
w i l l  b e  

I n  t h e  genera l  case ,  t h e  complex p o t e n t i a l  i n  t h e  hodograph p l ane  i s  

where Q 
1 , 2  

is t h e  flow r a t e ;  r 
1 7 2  

a r e  t h e  components of c i r c u l a t i o n .  The 

func t ion  F(v) has  no d i s c o n t i n u i t i e s  w i th in  t h e  hodograph. Using t h e  nota­
- i w  - - - i w

t i o n s  v = v1 = p l e  1, v - v2 = p 2 e  2 ,  t h e  s t ream func t ion  may be  rep­

resented  as  

The func t ion  I) w i l l  have t h e  same s i n g u l a r i t i e s  i n  a gas f low,  Let us 
r e c a l l  t h a t  t h e  reg ion  of  t h e  hodograph has  an i n f i n i t e  number of  s h e e t s .  As 
i s  convent iona l ,  l e t  us  cons ider  on ly  t h e  p a r t  o f  t h i s  reg ion  corresponding 
t o  a s i n g l e  s t e p  of t h e  cascade. For t h e  sake  of s i m p l i c i t y ,  w e  s h a l l  assume 
t h a t  t h i s  p a r t  of  t h e  reg ion  i s  one-sheeted,  i . e .  t h i s  reg ion  does n o t  con­
t a i n  a p o i n t  v = 0 and branching p o i n t s .  Then l e t  us examine gas flow. We 
s h a l l  assume t h a t  t h e  func t ion  $ sat isf ies  t h e  equat ion (Trdomi-FaZ 'kovich 
gas 1 

where rl i s  t h e  known func t ion  f o r  t h e  modulus o f  v e l o c i t y  v;  
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0 i s  t h e  angle  o f  i n c l i n a t i o n  o f  t h e  v e l o c i t y  vec to r .  

We assume t h a t  t h e  v e l o c i t y  p o t e n t i a l  @ e x i s t s .  The problem i s  t o  f i n d  
a s o l u t i o n  f o r  equat ion  (7) i n  reg ion  D (F ig .  2) with  s i n g u l a r i t i e s  o f  type  
( 6 )  under t h e  fo l lowing  boundary condi t ions :  

$,= 0 o r  AG,  a,B, D,C,. ..; 
a+z=o or  A ~ A ' .BDB', .  ..; 

(11) ­/115 

where 
n ( e >  a r e  given func t ions ;  t h e  hodographs o f  a r c s  AG, a2B, b2C a r e  

g iven ,  and t h e  hodographs o f  a r c s  Ala2, B'b2,  C ' c 2 , . .  a r e  found during t h e  

process  o f  s o l u t i o n  as t h e  locus o f  p o i n t s  o f  t h e  hype rbo l i c  p a r t  o f  t h e  
p lane  analogously t o  t h e  problem f o r  an i s o l a t e d  b l ade  [4], where $ = 0 .  
Po in t s  a l ,  b l ,  c l . . ,  a r e  t h e  p o i n t s  o f  i n t e r s e c t i o n  o f  t h e  c h a r a c t e r i s t i c s  

pas s ing  through t h e  p o i n t s  A ' ,  B ' ,  C ' . .  . with t h e  On-axis.  The s i n g u l a r i t i e s  
o f  t he  func t ion  $ a r e  loca t ed  a t  t h e  p o i n t s  (el, nl) , ( � I 2 ,  n 2 ) ,  correspond­

i n g  t o  t h e  va lues  of  v e l o c i t y  be fo re  the  cascade and a f t e r  t h e  cascade. 

L e t  us  compute t h e  values  o f  t h e  
cons t an t s  ci and B appearing i n  equat ion  
( 6 ) .  I n  o r d e r  t o  do t h i s ,  w e  make t h e  
t r a n s i t i o n  from t h e  p l ane  8 ,  n t o  t h e  

A s = -2 
T- f ] and in t roduce3 

po la r  coord ina tes  

e - ( 4 . 2  = @1,2 sin a,,*;s -SI.> = e,,? cos q2. 
F i g .  2 .  

i n  t h e  neighborhoods of s i n g u l a r  p o i n t s .  
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Using t h e  r e l a t i o n s h i p  between I$ and I) according t o  S .  V .  Fa l 'kovich ' s  
equat ion  : 

as  well as  t h e  r e l a t i o n s h i p s  

(where t h e  contour o f  i n t e g r a t i o n  should inc lude  both  s i n g u l a r  p o i n t s ) ,  i t  
may be shown t h a t  

-/116 

This problem may b e  so lved  by us ing  t h e  fo l lowing  method o f  success ive  
approximations.  When T n ( e )  = +n ( e ,  0 )  a r e  given on segments aa1' bbl ,  cc l ,  

. . .w e  f i n d  the  f i r s t  approximation i n  t h e  e l l i p t i c a l  p a r t  o f  t h e  reg ion .  

Then w e  use equat ions  (9) and (10) t o  so lve  t h e  Kauchy problem i n  t h e  given 
reg ion:  & ' a 2 ,  bB'b2,  C C ' C  2 . .  . . A s  a r e s u l t ,  we l e a r n  t h e  value of  + on 

t h e  c h a r a c t e r i s t i c s  which pass  through p o i n t s  a ,  b ,  c y . .  , Having these  

q u a n t i t i e s ,  and us ing  t h e  value of  _I , determined e a r l i e r ,  we ge t  new a +  ( l )  
a q  

v.alues f o r  ~ ~ ( 8 ) .The ques t ions  of  t h e  ex i s t ence  and uniqueness o f  t h e  

s o l u t i o n  remain t o  b e  s t u d i e d .  
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C H E M I C A L  COATING METHOD FOR M A K I N G  THE L A M I N A R  S E C T I O N  O F  
A BOUNDARY L A Y E R  

L. F. Kozlov and A .  F.  Mozhanskaya 

ABSTRACT: A d e t a i l e d  d e s c r i p t i o n  i s  g i v e n  of a t e c h n i q u e  
f o r  making f l o w  i n  a boundary l a y e r  v i s i b l e  by a chemical 
coa t ing  method w h e n  t e s t i n g  models i n  an aqueous medium.  

The chemical coa t ing  method i s  b a s e d  on t h e  d i f f e r e n c e  i n  t h e  e ros ion  /117-
i n t e n s i t y  f o r  a chemical app l i ed  t o  t h e  s u r f a c e  o f  a model i n  laminar and 
t u r b u l e n t  f lows.  Experience has  shown t h a t  t h i s  method i s  extremely simple 
and i t s  r e s u l t s  are r e l i a b l e .  However, t h e  given method has  no t  been ex­
t e n s i v e l y  used,  apparent ly  because o f  t he  lack o f  a d e t a i l e d  d e s c r i p t i o n  o f  
t he  technique invo lved ,  

B iace ty l  of  hydroquinone C 10H 1004 which i s  a complex e s t e r  of  diatomic 

phenol i s  recommended i n  t h e  case where t h e  chemical coa t ing  method i s  used 
as an i n d i c a t o r .  B iace ty l  of  hydroquinone i n  pu re  form i s  a c o l o r l e s s ,  odor­
l e s s  c r y s t a l  which i s  i n s o l u b l e  i n  water under o rd ina ry  condi t ions and d i s ­
so lves  i n  acetone i n  any concen t r a t ions .  I t  i s  syn thes i zed  by e s t e r i f i c a t i o n  

Hr e a c t i o n  between hydroquinone C6 4  (OH) and acet icanhydride (CH3CO) 20.  

Ace t i c  a c i d  is  formed f i r s t  during t h e  r e a c t i o n :  

which r e a c t s  with .hydroquinone t o  give b i a c e t y l  of hydroquinone: 

The r e a c t i o n  takes  p l a c e  i n  t h e  presence of  s u l f u r i c  a c i d  which a c t s  as  a 
c a t a l y s t ,  

B iace ty l  of  hydroquinone i s  prepared by adding two p a r t s  by weight of 
a c e t i c  anhydride and one o r  two drops o f  concentrated s u l f u r i c  a c i d  t o  one 
p a r t  by weight of  hydroquinone. The r e a c t i o n  is  exothermic and t akes  p l a c e  
vigorously and t h e r e f o r e  should be  c a r r i e d  o u t  under an exhaust hood with 
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cons tan t  a g i t a t i o n  of t h e  mixture .  The hydroquinone i s  completely d i s so lved  /118 
by t h e  r e a c t i o n ,  and t h e  beaker  i n  which t h e  r e a c t i o n  t akes  p l a c e  i s  f i l l e d  
with a h o t  dark yellow l i q u i d  with t h e  a c r i d  odor of a c e t i c  a c i d .  Upon 
completion of  t h e  r e a c t i o n ,  t h e  s o l u t i o n  begins  t o  congeal,  forming a t h i c k  
gray c r y s t a l l i n e  mass. A f t e r  s o l i d i f y i n g  t h e  c r y s t a l l i n e  mass is thoroughly 
washed i n  water  u n t i l  t h e  a c e t i c  a c i d  d i sappea r s .  The washed c r y s t a l s  are 
d r i e d  i n  a drying cab ine t  o r  i n  t h e  a i r .  

If t h e  i n i t i a l  product  were i n s u f f i c i e n t l y  pu re ,  t h e  r e s u l t a n t  c r y s t a l s  
o f  b i a c e t y l  o f  hydroquinone have a g ray i sh  t i n g e .  In  t h i s  ca se ,  t h e  r e s u l t ­
a n t  b i a c e t y l  o f  hydroquinone should be  r e c r y s t a l l i z e d .  F o r  t h i s  purpose,  
small p o r t i o n s  of  t h e  compound (10-20 g) are mixed i n  a chemical beaker  with 
a capac i ty  of  approximately 500 cm3, covered with water and b o i l e d .  The 
b o i l i n g  s o l u t i o n  i s  then  qu ick ly  f i l t e r e d  through two o r  t h r e e  l a y e r s  o f  
gauze and t h e  undissolved c r y s t a l s  are b o i l e d  aga in .  During s o l i d i f i c a t i o n  
of  t h e  f i l t r a t e ,  c r y s t a l s  o f  b i a c e t y l  of hydroquinone s e t t l e  on t h e  bottom 
of  the  beake r .  A f t e r  d ry ing ,  t h e  b i a c e t y l  of  hydroquinone r e c r y s t a l l i z e d  i n  
t h i s  way has  t h e  form o f  small l i g h t  snow-white c r y s t a l s  and i s  s u i t a b l e  f o r  
u s e ,  

The q u a l i t y  of  t h e  r e s u l t s  of  t e s t s  is  dependent t o  a considerable  
e-xtent on t h e  s t a t e  o f  t h e  s u r f a c e  o f  t h e  model. The model should be ca re ­
f u l l y  made and should have a f i f t h - c l a s s  s u r f a c e  f i n i s h  (GOST 2789-59). The 
nose s e c t i o n  of  t h e  model should be  f i n i s h e d  with s p e c i a l  c a r e ,  The s u r f a c e s  
of  wooden and p a r a f f i n  models a r e  f i n i s h e d  d i f f e r e n t l y .  Wooden mode l s , a re  
coated with a black l acque r  which adheres we l l  t o  t he  wood, i s  r e s i s t a n t  t o  
water  and acetone and forms a f i l m  which does not  l o s e  e l a s t i c i t y  with age. 
The conventional s t anda rd  codings ( n i t r o g l a z e ,  o i l - b a s e d  va rn i shes  and p a i n t s )  
a r e  no t  s u i t a b l e  f o r  t h i s  purpose s i n c e  t h e  f i l m s  produced by these  coat ings 
a r e  destroyed by acetone.  The given requirements a r e  s a t i s f i e d  by a coat­
ing with t h e  fol lowing composition: V I M - B - 3  r e s i n  (100 w t .  %),  kerosene 
based Twitchel l  r eagen t  (17 wt .%), so lven t  ( 3  wt.%) and p l a s t i c i z e r  (10 w t . % ) .  

Before a p p l i c a t i o n  of  t h e  l acque r ,  t h e  s u r f a c e  of t h e  model is  c a r e f u l l y  
f i l l e d  and sanded, The f i l l e r  is  made of  f i n e  sawdust and VIM-B-3 r e s i n .  
I f  t h e r e  are o i l  s p o t s  on t h e  s u r f a c e ,  they must be  removed with a r ag  soaked 
i n  gaso l ine  o r  acetone.  The l acque r  i s  prepared immediately b e f o r e  use.  
The s o l v e n t ,  Twitchel l  r eagen t  and p l a s t i c i z e r  are added t o  t h e  r e s i n  one 
a f te r  the  o t h e r .  The l acque r  is mixed a f t e r  adding each component. The 
f i n i s h e d  l acque r  h a s  a l i q u i d  consis tency and i s  app l i ed  wi th  the  g r a i n  using 
a s o f t  b rush .  The f irst  coa t  i s  fo rced  i n t o  t h e  wood by s t r o n g  p r e s s u r e  on 
t h e  brush and is  followed by t h r e e  o r  f o u r  coa t s  which are app l i ed  a t  i n t e r ­
v a l s  of  6-8 hours .  Before a p p l i c a t i o n  o f  t h e  t h i r d  and f o u r t h  l a y e r s ,  3-5% /119 
lamp b lack  is added t o  t h e  l acque r  t o  g ive  the  coa t ing  a uniform b lack  c o l o r ,  
The l acque r  is  used a t  a ra te  o f  70-90 g/m2. 

A p a r a f f i n  model may b e  t e s t e d  by t h i s  method without  f i r s t  co lo r ing  
t h e  s u r f a c e .  However, i n  th is  case t h e  r e s u l t s  of  t h e  tests are l e s s  d i s ­
t i n c t  ( e s p e c i a l l y  on photographs) because o f  t h e  l a c k  of  c o n t r a s t  between 
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I , 
. .  . .  

t h e  c o l o r  o f  t h e  i n d i c a t o r  coa t ing  and t h e  co lo r  o f  t h e  model s u r f a c e .  
Therefore  t h e  su r face  of a p a r a f f i n  model should b e  blackened 2-3 days b e f o r e  
t h e  beginning o f  tests us ing  t h e  fo l lowing  composition: 23% carbon b l a c k ,  7% 
beeswax and 70% g a s o l i n e ,  The p r e p a r a t i o n  i s  abundantly app l i ed  t o  t h e  
p a r a f f i n  s u r f a c e  of  t h e  model and rubbed i n  wi th  a r a g  u n t i l  t h e  p a r a f f i n  is 
uniformly b l ack  i n  c o l o r ,  The s u r f a c e  i s  then  d r i e d  f o r  s e v e r a l  hours and 
po l i shed  wi th  a s o f t  r a g .  

Fig. 1 .  

The i n d i c a t o r  s o l u t i o n  is prepared  immediately b e f o r e  t h e  beginning  of 
t e s t s - - 7  g o f  b i a c e t y l  o f  hydroquinone p e r  100 cc  o f  commerical acetone. To 
prevent  clogging of t h e  atomizer dur ing  work, t h e  s o l u t i o n  should  b e  f i l t e r e d  
b e f o r e  u s e ,  The s o l u t i o n  is  used a t  t h e  rate o f  about 100 cc p e r  1 m2 o f  
s u r f a c e  t o  b e  coated,  

I 

The s u r f a c e  o f  a model suspended above water must be  \&.shed wi th  soap, j.:: 

scrubbed wi th  a brush  and wiped dry.  When a wooden model is  t e s t e d ,  t h e  
.. .s u r f a c e  is coated wi th  a t h i n  l a y e r  o f  wax p o l i s h  which i s  a 10% s o l u t i o n  o f  

, - '  

beeswax i n  g a s o l i n e ,  A s o f t  b rush  is  used f o r  applying the p o l i s h  t o  t h e  
,, ~ , 

s u r f a c e  of the model which is the? po l i shed  wi th  a clean c l o t h .  The model I .  

j . 

iis studded wi th  i n d i c a t o r  dowel pegs having con ica l  heads ( the  cones are - -. 

2-2.5 mm i n  diameter and 1.5-2 mm high)  which make i t  easier t o  i d e n t i f y  t h e  I , ., _  

boundaries o f  the  laminar s e c t i o n  i n  t h e  boundary l a y e r .  

An ord ina ry  p a i n t  s p r a y e r  i s  used f o r  applying t h e  i n d i c a t o r  coa t ing  s o l - /120 : 
lu t i o n  t o  t h e  s u r f a c e  o f  t h e  model, I n  apply ing  t h e  coa t ing ,  t h e  sp ray  nozz le  

i s  moved uniformly a t  a d i s t a n c e  o f  60-70 c m  from t h e  s u r f a c e  of t h e  model. 
Nearly dry  c r y s t a l s  o f  b i a c e t y l  hydroquinone 'are depos i ted  on t h e  s u r f a c e  of 
t h e  model, forming a w h i t i s h  f i l m .  For experimental  purposes,  it i s  extreme­
l y  important t o  produce a uniform b i a c e t y l  hydroquinone coa t ing  on t h e  
s u r f a c e  of t h e  model. After a p p l i c a t i o n ,  t h e  acetone is allowed t o  evapora te  
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f o r  2-3 minutes.  The model is then  c a r e f u l l y  lowered i n t o  t h e  water and 
towed. When t h e  model is t e s t e d  a t  a v e l o c i t y  o f  less than  1 mjsec, towing 
begins  immediately af ter  t h e  model is secu red ,  and a t  v e l o c i t i e s  o f  more than  
1 m/sec, t h e  model is h e l d  i n  t h e  water long enough so t h a t  t h e  t o t a l  l eng th  
of time i n  t h e  water is equal  t o  t h e  time for a model be ing  towed a t  a 
v e l o c i t y  o f  1 m/sec. After towing, t h e  model i s  r a i s e d  ou t  of t h e  .water and 
d r i e d  with an o rd ina ry  foehn d rye r .  Remaining on t h e  d r i e d  s u r f a c e  is  a 
whi te  r e s i d u e  of i n d i c a t o r  coa t ing  i n t e r s e c t e d  by b l ack  cones (Fig. 1). The 
n u c l e i  f o r  t h e s e  cones are t h e  dowels o r  l a r g e  c r y s t a l s  o f  i n d i c a t o r  coa t ing  
which act as c e n t e r s  of t u r b u l e n t  d i s tu rbances .  I t  is recommended t h a t  a 
n a t u r a l  sponge b e  used f o r  rubbing of f  l a r g e  c r y s t a l s  of t h e  chemical i n d i ­
c a t o r  coa t ing  t o  p reven t  d i s t o r t i o n  o f  t h e  s t r eaml ine  flow b e f o r e  t h e  model 
i s  lowered i n t o  t h e  water. 

:. . 

, . ,

F i g .  2. 

The reg ion  of t h e  laminar s e c t i o n  t e rmina te s  with t h e  p a r t  o f  the 
s u r f a c e  on which t h e  b l ack  cones produced by t h e  dowels b lend  wi th  t h e  general  
background of t h e  s u r f a c e .  If t h e  coa t ing  is app l i ed  too  t h i c k l y  o r  i n  a 
non-uniform l a y e r ,  t h e  whi te  s e c t i o n s  a l s o  remain i n  zones o f  t r a n s i t i o n  and 
t u r b u l e n t  flow which are determined i n  t h e s e  cases  by t h e  absence o f  cones 
behind t h e  dowels. An i n d i c a t o r  coa t ing  may a l s o  b e  used f o r  h i g h l y  accu ra t e  ­/121 
de termina t ion  o f  wave p r o f i l e ,  

The chemical coa t ing  method may be  used f o r  model b a s i n  tests o f  bo th  
t r o l l e y  and g r a v i t y  type models o f  t he  s u r f a c e  v e s s e l s  and submarines. By 
way of  example, F igures  2-3 show t h e  r e s u l t s  of tests on determining t h e  
laminar s e c t i o n  i n  t h e  boundary l a y e r  of a d i r i g i b l e  model t e s t e d  i n  t h e  
underwater p o s i t i o n  a t  v e l o c i t i e s  of 1 and 4 m/sec r e s p e c t i v e l y  ( the  model 
was 1 meter long) .  
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INVESTIGATION OF A V E L O C I T Y  PICKUP FOR MEASUREMENTS I N  A 
WATER FLOW 

A .  V .  Bugayenko and V .  M .  Shakalo 

ABSTRACT: T h e  au tho r s  cons ide r  two processes  o f  e l e c t r i c a l  
conduc t iv i ty  in a f l u i d  where t h e  amplitude o f  t h e  e l e c t r i c  
cur ren t  d e p e n d s  on flow v e l o c i t y  from t h e  s t andpo in t  o f  
u s i n g  t h i s  v e l o c i t y  f o r  measurement. Experimental measure­
m e n t s  a r e  desc r ibed .  It i s  shown t h a t  e l e c t r i c a l  conduc t iv i ty  
may b e  u s e d  f o r  measuring flow cond i t ions .  

The e l e c t r i c a l  conduc t iv i ty  of  d i s s o c i a t i n g  l i q u i d s  depends upon flow / 1 2 2  
v e l o c i t y  [ 4 ] .  This circumstance may b e  u t i l i z e d  f o r  measuring t h e  v e l o c i t y  
and cond i t ions  of f l u i d  flow. However, flow v e l o c i t y  may have var ious e f f e c t s  
on t h e  e l e c t r i c a l  conduc t iv i ty  of  a f l u i d .  The c u r r e n t  f lowing through an 
e l e c t r o l y t e  i s  determined by t h r e e  d i f f e r e n t  processes  i n  t h e  e l e c t r o l y t e :  
t h e  t r a n s f e r  o f  i ons  from w i t h i n  the  s o l u t i o n  t o  the  s u r f a c e  o f  t he  e l e c t r o d e ,  
e lectrochemical  r e a c t i o n  and removal of t h e  r e a c t i o n  p roduc t .  The amplitude 
of t h e  c u r r e n t  depends c h i e f l y  on t h e  r a t e  o f  t h e  s lowest  p rocess .  

When us ing  a system o f  e l e c t r o l y t e  and i n e r t  e l e c t r o d e s  which p rov ide  
a c u r r e n t  due t o  the r e a c t i o n  ra te ,  a r e l a t i o n s h i p  between c u r r e n t  and flow 
r a t e  may be der ived on t h e  b a s i s  o f  t h e  r e v e r s i b i l i t y  o f  t h e  phenomenon o f  
e lectroosmosis  [3 J .  In  t h i s  ca se ,  as t h e  e l e c t r o l y t e  moves, opposing charges 
a r e  induced on t h e  e l e c t r o d e s  which reduce t h e  vo l t age  by t h e  q u a n t i t y  

where r i s  t h e  r ad ius  o f  t h e  c i r c u l a r  e l e c t r o d e s ;  p i s  t h e  charge d e n s i t y  i n  
t h e  double l a y e r ;  K i s  s p e c i f i c  e lec t r ica l  conduc t iv i ty ;  L i s  t h e  d i s t a n c e  
between e l e c t r o d e s ;  U i s  t h e  r a t e  o f  laminar flow. 

The r a t e  o f  flow may a l s o  be  determined by measuring t h e  ana ogous f ow 
p o t e n t i a l  i n  c a p i l l a r i e s  [ 2 ] .  I n  t h e  case of  p o t e n t i a l  d i f f e r e n c e  between t h e  
e l e c t r o d e s ,  t h e  c u r r e n t  d e n s i t y  is  expressed as 
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where k, a and y a r e  cons t an t s ,  c i s  t h e  concent ra t ion  o f  i ons  d ischarg ing  a t  
t h e  e l e c t r o d e s ;  F i s  t h e  Faraday cons tan t .  

Current  i n  t h e  e l e c t r o l y t e  appears most f r equen t ly  as  t h e  r e s u l t  o f  i on  /123 
t r a n s f e r  which is due t o  t h r e e  p a r a l l e l  p rocesses :  d i f f u s i o n ,  convection and 
migra t ion ,  The c u r r e n t  dens i ty  due t o  d i f f u s i o n  and migra t ion  i s  determined 
from t h e  express ion  

where D i s  t h e  c o e f f i c i e n t  of  d i f f u s i o n  f o r  c a t i o n s  o r  anions,  r e s p e c t i v e l y ,  
(assuming a b ina ry  e l e c t r o l y t e ) ;  co i s  the  concent ra t ion  of  i ons  i n  t h e  s o l ­

u t i o n ;  z 
1' 

z 
2 

are t h e  c a t i o n  and anion charges;  d i s  t h e  d i s t a n c e  between e l e c ­

t rodes ;  k i s  a c o e f f i c i e n t  of  p r o p o r t i o n a l i t y  which depends on t h e  shape of  t h e  
e l e c t r o d e s ,  

I f  t h e  g rad ien t  of  concent ra t ion  a t  t h e  cathode i s  h ighe r  than a t  t h e  
anode, t he  co fac to r  i n  b racke t s  i n  formula ( 3 )  becomes 1. 

During e l e c t r o l y t e  motion, t h e  convect ion cu r ren t  dens i ty  i s  

where 6 i s  the  th ickness  o f  t h e  d i f f u s i o n  l a y e r  i n  which t h e  concent ra t ion  
changes from t h e  va lue  co i n  t h e  s o l u t i o n  t o  t h e  va lue  c1 a t  t h e  s u r f a c e  of 

t h e  e l e c t r o d e ,  which i s  usua l ly  equal  t o  0 f o r  t h e  case of  slow t r a n s f e r .  

The th ickness  of  t h e  d i f f u s i o n  l a y e r  depends on v e l o c i t y  and f l u i d  flow 
cond i t ions  and d i f f e r s  f o r  var ious  e l e c t r o d e  s u r f a c e s  [ l ] .  I f  flow measure­
ment i s  done wi th  e l e c t r o d e s  i n  t h e  form o f  l a r g e  p l a t e s  with s u r f a c e  a rea  S 
loca ted  along t h e  flow a t  a s i n g l e  d i s t a n c e  x i n  an a r b i t r a r y  coord ina te  
system, then f o r  laminar flow condi t ions  

where v i s  t h e  c o e f f i c i e n t  of kinematic  v i s c o s i t y ,  and t h e  convection cu r ren t  
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through t h e  e l e c t r o l y t e  is  

For a p l a t e  of  length  and width b ,  w e  have 

When p l a t e s  o f  sma l l e r  dimensions a r e  used,  t h e  d i f f u s i o n  l a y e r  i s  so 
t h i n  t h a t  t h e  e lec t rochemica l  r e a c t i o n  becomes the  cur ren t -de te rmining  process .  
Rela t ionship  ( 2 )  w i l l  correspond t o  t h e  cu r ren t -vo l t age  c h a r a c t e r i s t i c s .  An / 1 2 4  
i nc rease  i n  t h e  vo l t age  across  the  e l ec t rodes  leads t o  an i n c r e a s e  i n  E and 
consequently t o  a r educ t ion  i n  c u r r e n t .  

To check t h e  hypothes is  on 
cu r ren t  reduct ion  wi th  an i n ­
crease  i n  flow v e l o c i t y  and t o  
determine t h e  e f f e c t  of r e l a t i  or^ 

sh ips  (2)  and (4) on t h e  cu r ren t  
i n  t h e  e l e c t r o l y t e ,  a s p e c i a l  
device (F ig ,  1) was developed 
and i n s t a l l e d  i n  t h e  flume a t  
t h e  I n s t i t u t e  of  Hydromechanics 
of  t h e  Academy of Sciences of 
t he  Ukrainian SSR f o r  ho ld ing  
two e l e c t r o d e s  i n  a s t ream o f  
t a p  wa te r  with c o n t r o l l a b l e  
flow v e l o c i t y .  The e l ec t rodes  
were designed so t h a t  t h e  con­
duct ing  su r faces  could b e  com-

F i g .  1 .  E l e c t r i c a l  Diagram f o r  t h e  p l e t e l y  immersed i n  t h e  water .  
In s t a l  l a t i o n .  The s e a t  o f  emf f o r  t h e  system 

was a s e c t i o n a l  s to rage  b a t t e r y .  
The vo l t age  was r egu la t ed  by 
changing t h e  number of  b a t t e r y  

c e l l s .  A pickup made by shea r ing  of f  two i n s u l a t e d  wires  0 . 8  mm i n  diameter  
l oca t ed  a t  a d i s t a n c e  of  2 mm from each o t h e r  was se t  with t h e  s h e a r  s u r f a c e s  
( e l ec t rodes )  p a r a l l e l  t o  t h e  flow (Figure l a ) .  The r a t i o  o f  t h e  cu r ren t  
through t h e  moving e l e c t r o l y t e  t o  t h a t  through a s t i l l  e l e c t r o l y t e  1/1 de­
creased  with an i n c r e a s e  i n  t h e  r a t e  of flow both  f o r  t h e  case where 'the 
e l e c t r o d e s  were s e t  p a r a l l e l  t o  t h e  flow and where they  were se t  perpendicular  
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t o  t h e  flow (Figure I C ) ,  I n  t h e  l a t t e r  case, t h e r e  w a s  a reduct ion  i n  t h e  
s l o p e  of t h e  cu r ren t -vo l t age  c h a r a c t e r i s t i c s .  I n  t h e  case o f  e l e c t r o d e s  made 
i n  t h e  form of  small cy l inde r s  1 . 5  mm i n  h e i g h t  and 0 . 8  mm i n  diameter  a r rang­
ed a s  shown i n  F igure  l b ,  a rise i n  c u r r e n t  w a s  observed wi th  an i n c r e a s e  i n  
v e l o c i t y  and a t  a vo l t age  of  2v . A t  v e l o c i t i e s  i n  t h e  range from 0 . 4  t o  
1 . 5  m/sec, t h e  r e l a t i o n s h i p s  a r e  l i n e a r  wi th  t h e  s l o p e  of t h e  curve reaching  

41 ua pe r  m/sec. 1.4 r i se  i n  vo l t age  i n  c h i s  case  l eads  t o  a r educ t ion  /125 
i n  t h e  s lope  o f  t h e  curve (Figure 2 ) .  When U > 1 .5  m/sec t h e r e - i s  a n o t i c e ­
ab ly  sharp  reduct ion  i n  cu r ren t  due t o  c a v i t a t i o n  n e a r  t h e  e l e c t r o d e s .  This 
phenomenon may b e  u t i l i z e d  f o r  determining t h e  beginning of  flow c a v i t a t i o n .  

...... ..... 

// 
. . .  ­
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F i g .  2 .  Curves f o r  Current Rat io  a s  a Function of F l o w  Rate f o r  Various 
Electrode Designs and Voltages:  1 ,  U = 2 v (Fig.  I C ) ;  2 ,  U = 12 v ( F i g .  I C ) ;  
3 ,  U = 12 v (Fig.  l b ) ;  4 ,  U = 4 v (Fig.  l a ) ;  5 ,  U = 12 v ( F i g .  l a ) .  

When we compare express ions  ( 2 )  and ( 3 )  f o r  t h e  case o f  ca thodic  con­
c e n t r a t i o n  overvol tage ,  we come t o  the  conclusion t h a t  t he  e f f e c t  which temp­
e r a t u r e  and cons tan ts  have on measurement accuracy i n  a f l u i d  which i s  flowing 
non-uniformly may b e  reduced t o  a minimum only f o r  convection c h a r a c t e r i s t i c s .  
The exact  v e l o c i t y  i s  determined from dependence on t h e  dimensionless  q u a n t i t y  
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F o r  laminar f low,  t h e  th i ckness  of t h e  d i f f u s i o n  l a y e r  i s  r e l a t e d  t o  /126 
t h e  th ickness  of  t h e  boundary l a y e r  6 o  by the  r e l a t i o n s h i p  [l] 

Hence t h e  th i ckness  of t h e  boundary l a y e r  may b e  determined from t h e  
amplitude o f  t h e  convection c u r r e n t .  If w e  t ake  account o f  t h e  f a c t  t h a t  

f o r  a t u rbu len t  boundary l a y e r ,  where Pr i s  t h e  P rand t l  d i f f u s i o n  number which 
i s  equal  t o  l o 3  f o r  water ,  and 

1 
-.,&;= 4 , l  Ig ( k ,  Re) -l- 1.7, 

then t h e  po in t  of  t r a n s i t i o n  of  t h e  boundary l a y e r  from laminar t o  t u r b u l e n t  
may be  determined -from t h e  t r a n s i t i o n  of  t h e  convect ion c u r r e n t  r e l a t i o n s h i p  
from a v e l o c i t y  with t h e  power of  1 / 2  t o  v e l o c i t y  wi th  a power o f  1. F o r  
p r a c t i c a l  purposes ,  two p l a t e  e l e c t r o d e s  must b e  cemented a t  t h e  p o i n t  t o  be  
s t u d i e d  on a non-conducting model f o r  determining 6 ,  o r  a s e r i e s  of  e l e c t r o d e  
p a i r s  must be used f o r  determining t h e  p o i n t  of  t r a n s i t i o n  and measuring flow 
cond i t ions .  
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E F F I C I E N C Y  OF A SCREW TYPE GAS-HYDROJET VESSEL 

Yu. G .  Mokeyev and I .  M .  Chernyy 

ABSTRACT: T h e  au tho r s  desc r ibe  var ious modif icat ions f o r  
p u t t i n g  t oge the r  a screw t y p e  gas-hydrojet  i n s t a l  l a t i o n  
and g i v e  a hydrodynamic a n a l y s i s  of a s taged s y s t e m  from 
t h e  s t andpo in t  of i t s  e f f i c i e n c y  and optimum d i s t r i b u t i o n  
of t h e  load b e t w e e n  t h e  s t a g e s  f o r  var ious forward velo­
c i t i e s  of t h e  v e h i c l e .  

As i s  known, t h e  t h r u s t  o f  a gas-hydrojet  i n c r e a s e s  with t h e  forward /127
v e l o c i t y  j u s t  as i n  a ramjet  engine.  For a l l  p r a c t i c a l  purposes ,  t he  t h r u s t  
i s  low under s t a r t i n g  cond i t ions .  For t h i s  reason,  a v e s s e l  equipped with a 
gas-hydro j e t  engine w i  11 have u n s a t i s f a c t o r y  a c c e l e r a t i o n  c h a r a c t e r i s t i c s .  

A r a t i o n a l  i n s t a l l a t i o n  i s  a combined v e h i c l e  with screw and gas-hydro­
j e t s  which have mutually opposing c h a r a c t e r i s t i c s  i n  t h e  q u a l i t a t i v e  sense .  
There are two p o s s i b l e  mod i f i ca t ions  f o r  combining screw and gas-hydrojets  : 
with t h e  propuls ion u n i t s  arranged i n  p a r a l l e l  o r  i n  s t a g e s  (Figure 1 ) .  
These modif icat ions have t h e i r  own advantages and disadvantages,  p a r t i c u l a r l y  
i n  t h e  hydrodynamic sense .  The s t aged  combination i s  p r e f e r a b l e  f o r  g r e a t e r  
compactness, and a l s o  f o r  t he  f a c t  t h a t  t h e  ope ra t ion  o f  t h e  screw provides 
f o r  cons ide rab le  t h r u s t  by t h e  gas-hydrojet  even a t  low forward v e l o c i t i e s  
s i n c e  t h e  p r e s s u r e  i n  the  chamber p may reach values  c lose  t o  t h a t  r equ i r ed .

C 

However, i n  both cases  ( a l l  o t h e r  t h ings  being equal)  t h e  q u e s t i o n  of  t h e  pro­
p u l s i v e  c o e f f i c i e n t  f o r  t he  i n s t a l l a t i o n s  i s  not c l e a r  and r e q u i r e s  appropri­
a t e  a n a l y s i s .  This problem i s  r a t h e r  complex i n  t h e  case  of r e a l  propuls ion 
u n i t s .  

:ure 

F i g .  1 .  D e s i g n  Modif icat ions f o r  Combining a Screw and Gas-Hydrojet. 
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I n  the gene ra l  case, t o  analyze and compare t h e  e f f i c i e n c y  of va r ious  
combinations , we f i rs t  cons ider  t h r e e  modi f ica t ions  of  systems c o n s i s t i n g  o f  
i d e a l  propuls ion  u n i t s ,  i .e ,  a c t i v e  Froude d i s c s  : 

a) F i r s t  modif icat ion-- two propuls ion  u n i t s  a c t i n g  i n  p a r a l l e l  wi th  
t h r u s t s  P1 and P 2  and hydrau l i c  c ros s - sec t ions  F 1 and F2;  

b) t h e  two propuls ion  u n i t s  rep laced  by a s i n g l e  u n i t  which develops 
an o v e r - a l l  t h r u s t  P = P 1 + P2  with o v e r - a l l  h y d r a u l i c  c ros s - sec t ion  F = F1 + 

+ F 2 ;  

c) two p ropu l s ion  u n i t s  which develop an o v e r - a l l  t h r u s t  P arranged i n  
s e r i e s ,  t h e  h y d r a u l i c  c ros s - sec t ion  be ing  equal  t o  t h e  c ros s - sec t ion  o f  t h e  
l a r g e r  engine,  i . e .  F1 = F;  P = P 1 + P 

2 

A t  f irst  g lance ,  t h e  f i r s t  two modi f ica t ions  appear t o  b e  equ iva len t ,  
bu t  t h i s  i s  only t r u e  when P / F1 1  = P 2/ F  2 o r  o1 = o2 '  So lu t ion  of  t h e  problem 

of analyzing t h e  e f f i c i e n c y  of i n s t a l l a t i o n s  has  been f a i r l y  s imple s i n c e  
i d e n t i c a l  p ropuls ion  u n i t s  (P 1 = P 2 ;  F 1 = F 2) a r e  u s u a l l y  i n s t a l l e d  on ves­

sels i n  p r a c t i c e .  This  problem is  complicated f o r  combination i n s t a l l a t i o n s  
s i n c e  t h e  design va lues  o f  CI 1 and 02 may b e  cons iderably  d i f f e r e n t ,  

Let us proceed wi th  t h e  a n a l y s i s  o f  t he  e f f i c i e n c y  o f  ou r  given modifi­
ca t ions  f o r  t h e  assumed cond i t ions .  I n  t h e  case of  p a r a l l e l  ope ra t ion  o f  t h e  
propuls ion  u n i t s  , t h e  propuls ive  c o e f f i c i e n t  o f  t he  combination is  determined 
from t h e  express ion  

where 

The s i t u a t i o n  i s  analogous f o r  q2 and a2, 

I n  add i t ion  
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Let us use the  n o t a t i o n  

Then we g e t  from equat ions ( 3 )  and (4) 

S u b s t i t u t i n g  equa t ions  ( 2 )  and ( 5 )  i n  expression (11, we g e t  t h e  follow­
ing  expression f o r  t he  p ropu l s ive  c o e f f i c i e n t  of t h e  f i rs t  type of propuls ion 
system 

For t h e  second mod i f i ca t ion ,  

where 

where 
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I n  proceeding t o  a n a l y s i s  of  t h e  t h i r d  mod i f i ca t ion ,  we must make t h e  
fol lowing s t i p u l a t i o n .  In  t h e  case o f  two a c t i v e  d i s c s  arranged i n  s e r i e s  
and developing t h r u s t s  P 1 and P 2’ t h e  area o f  t h e  second propuls ion u n i t  F* 

2 
f o r  a predetermined value of F 1 may not  be  a r b i t r a r i l y  assumed s i n c e  i t  i s  

necessary t o  s a t i s f y  t h e  condi t ion o f  a cons t an t  mass flowing through cross-
s e c t i o n s  F 1 and F* 2 ‘  Then 

where 

(here and i n  t h e  fol lowing d i scuss ion  w . i s  t h e  induced v e l o c i t y  of t he  j - t h
a1 

s t a g e ,  w a i s  t h e  induced v e l o c i t y  o f  t h e  p ropu l s ion  u n i t  as a whole). 

For the  case considered by V .  M .  Lavrent‘yev [ 2 ] ,  t h e  p ropu l s ive  co­
e f f i c i e n t  is  always lower than f o r  a s i n g l e - s t a g e  propuls ion u n i t  with i d e n t i ­
c a l  parameters ( i . e .  t h e  a r e a  F 1 and t h e  t h r u s t  P1 + P 2 ) ,  

With a t r a n s i t i o n  t o  t h e  two-stage system, bo th  propuls ion u n i t s  a r e  
o r d i n a r i l y  enclosed i n  t h e  water  guide channel.  I n  t h i s  ca se ,  t h e  a r e a  F /130

2 
may no t  s a t i s f y  condi t ion (9), i n  p a r t i c u l a r ,  i t  may be  taken as equal t o  

F1. 
The o u t l e t  c ros s - sec t ion  f o r  t h e  flow channel i n  t h e  given modif icat ion 

i s  def ined by t h e  condi t ion 

n 
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The fol lowing formula may be  used f o r  t h e  p ropu l s ive  c o e f f i c i e n t  o f  an 
i d e a l  two-stage system with a water flow channel: 

where 

The load f a c t o r  f o r  a two-stage propuls ion u n i t  may be  expressed i n  
terms of  t h e  load f a c t o r s  f o r  each s t a g e :  

S u b s t i t u t i n g  equat ions (13) and (14) i n  formula (12),  we g e t  

Equations C6), (8) and (15) may be used f o r  comparing the  e f f i c i e n c y  of 
t h e  given modif icat ions o f  p a r a l l e l  and s e r i e s  arrangement of  p ropu l s ion  u n i t s  
f o r  predetermined d i s t r i b u t i o n  of  t h r u s t s  P 

1 
and P 2  and h y d r a u l i c  c ros s -

s e c t i o n s  F 1 and F 2 .  For t h i s  purpose,  curves o f  rl = f(a 1) were p l o t t e d  f o r  a 

f i x e d  value of  o2 = 0 .2  and t h r e e  values o f  + (Figure 2 ) .  According t o  F ig .  

2 ,  f o r  i d e n t i c a l  i n i t i a l  d a t a ,  t h e  p ropu l s ive  c o e f f i c i e n t  o f  t h e  i n s t a l l a t i o n  
i n  t h e  second mod i f i ca t ion  i s  somewhat g r e a t e r  than t h e  value of  t h a t  f o r  t h e  
i n s t a l l a t i o n  made according t o  t h e  f i r s t  mod i f i ca t ion .  Comparison of  t h e  
e f f i c i e n c y  o f  t h e  first modif icat ion and t h e  two-stage system i s  e a s i l y  f o l ­

iowed on Figure 3 where the v a l u e s  of n2s t /~ i ( a )  = F(ol/o2) are p l o t t e d  f o r  

a2 = 0 .2  and t h r e e  va lues  o f  4 .  I n  t h e  case of  t h e  two s t a g e  system, 
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n2st’n may b e  g r e a t e r  t han  o r  less than 1 depending upon the r e l a t i o n s h i p  
i 

between 4 and o1/a2 ‘  Typ ica l ly ,  the p ropu l s ive  c o e f f i c i e n t  o f  an i d e a l  two-

s t a g e  system reaches h ighe r  values  with an i n c r e a s e  i n  t h e  parameters 4 and 
a 
1 

than i n  t h e  case of  t h e  first modif icat ion of  t h e  system, which agrees  /132 

s a t i s f a c t o r i l y  with formula (16). The values  o f  o2 and 4 may be analogously 

analyzed. 

C 

b 

F i g .  2 .  Curves f o r  Eff ic iency a s  a Function of t h e  Rat io  o 
1
/a

2 
a t  Various 

Values of $I f o r  t h e  Three Modifications of Combining Propulsion U n i t s :  a ,  
F i r s t  Modif icat ion;  b ,  Second Modif icat ion;  c ,  Third modif icat ion ( 1 ,  $I = 0 . 2 ,  
2, $I = 0 . 5 ,  3 ,  4 = 0 . 8 ) .  

I f  w e  remain wi th in  t h e  framework of  t he  theory o f  an i d e a l  p ropu l s ion  
u n i t ,  i n  p a r t i c u l a r  i f  we ope ra t e  with the  concept of an i d e a l  f l u i d ,  we can­
not  eva lua te  the  o t h e r  f a c t o r s  which l i m i t  t he  a r b i t r a r y  combination o f  para­
meters i n  a gas-hydrojet-screw system. The e x i s t i n g  theory of  an i d e a l  
c a v i t a t i n g  screw [l] l imits  t h e  o v e r - a l l  load f a c t o r  a t  a given forward 
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v e l o c i t y  when t h e  c o n t i n u i t y  of  t h e  flow i s  i n t e r r u p t e d  a t  t h e  i n l e t  s e c t i o n  
of t he  screw ( c a v i t a t i o n ) ,  which i n e v i t a b l y  t akes  p l a c e  i n  a real  f l u i d .  

The l i m i t i n g  va lue  CJ a t  which c r  

c a v i t a t i o n  t akes  p l a c e  i s  determined 
by the  formula 

F i g .  3 .  Curves f o r  t h e  E f f i c i ency  
Ratio of Various Combination Pro­
pulsion Systems as a Function of 
t h e  Rat io  a,/02: 1 ,  4 = 0 . 8 ;  2 ,  

$ = 0 . 5 ;  3 ,  Q = 0 . 2 .  	 The r a t e  of flow beneath t h e  screw 
which i s  reached i n  t h i s  case i s  

p {I
'.!where _-..... d i s  t h e  c a v i t a t i o n  number.!.I , : !

2 

The n e c e s s i t y  of accounting f o r  t h i s  condi t ion l i m i t s  t h e  p o s s i b l e  
values of  the r a t i o  P 

1
/ P  

g 
i n  a s t aged  gas-hydrojet-screw i n s t a l l a t i o n  where 

a pe rmis s ib l e  p ropu l s ive  c o e f f i c i e n t  i s  maintained. Let us analyze t h e  l i m i t ­
i ng  values  of P / P

1 g  
and the  p ropu l s ive  c o e f f i c i e n t  of  t he  i n s t a l l a t i o n  f o r  

var ious values  of K and o t h e r  corresponding cond i t ions .  

The p ropu l s ive  c o e f f i c i e n t  of an i d e a l i z e d  gas-hydrojet  may b e  r ep resen t ­
ed i n  the  form [2 ]  

where 6 i s  t h e  degree o f  a i r  compression i n  t h e  compressor, /133 
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0 is  t h e  load f a c t o r  o f  t h e  gas-hydro je t ,
m 

cr m = P g/mv = w a /v;  
2 

H i s  t h e  immersion o f  t h e  screw a x i s ;  k i s  t h e  a d i a b a t i c  exponent.  

Curves are given i n  [ 2 ]  o f  t h e  func t ion  q = f(cr,) f o r  a number o f  
gi 

values  of  K a t  a f i x e d  va lue  o f  yH/P 0 = 0 . 2 .  Using these  curves ,  w e  can f i n d  

a range of  va lues  of  cr which a r e  c lose  t o  t h e  optimum f o r  a gas-hydrojetm 
engine.  Let us f i n d  t h e  r e l a t i o n s h i p  between t h e  q u a n t i t i e s  cr and cr f o r  c r  m 

a gas-hydrojet-screw i n s t a l l a t i o n  of  s t aged  type .  

Obviously, t h e  t o t a l  t h r u s t  o f  t h e  s t aged  propuls ion  u n i t  i s  

o r  

where F 1 and v 
S 

a r e  t h e  i n l e t  c ros s - sec t ion  and t h e  flow r a t e  beneath t h e  
1 

screw. 

me maximum value  of  u w i l l  be  reached with f u l f i l l m e n t  o f  condi t ion  e 
(17) : 
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From t h i s  express ion ,  knowing K and tak ing  account o f  equat ion (20), w e  

f i n d  u 1 = 2P1/pF1v2 f o r  a number of  u m . Then 

The maximum values  of  r a t i o s  P / P
1 g  

f o r  a number of  K a r e  given i n  Figure 

4 .  A s  t h i s  f i g u r e  shows, t h e r e  i s  a cons iderable  reduct ion  i n  t h e  f r a c t i o n  of 
t h e  t h r u s t  a t t r i b u t a b l e  t o  t h e  screw as t h e  forward v e l o c i t y  of  t h e  v e s s e l  
increases  f o r  a given value of  u . A f u r t h e r  i n c r e a s e  i n  t h e  r a t i o  P / P  i n ­

m 1 g
volves an apprec iab le  reduct ion  i n  t h e  e f f i c i e n c y  of  t h e  gas-hydrojet  s t a g e .  
The p r a c t i c a b l e  values  of  t h e  p r o p u l s i v e  c o e f f i c i e n t  c a l c u l a t e d  from formula 
(1) f o r  a gas-hydrojet-screw i n s t a l l a t i o n  of  t h e  s t a g e  type a r e  shown i n  
Figure 5 f o r  t h e  condi t ions  given above ( t h e  broken curve shows t h e  propuls ive  
c o e f f i c i e n t  f o r  an i d e a l  engine c a l c u l a t e d  from formula (16) f o r  u e ( c r ) ’  1. 
There i s  l i t t l e  change i n  t h e  maximum p r a c t i c a b l e  values  of  t h e  e f f i c i e n c y  i n  
t h e  given range of  v a r i a t i o n  i n  parameters K P 

1 g  
and consequently u 

e ( c r )  /134/ P  

This confirms t h e  design f e a s i b i l i t y  of a s taged  gas-hydrojet-screw system 
wi th in  t h e  framework of t h e  given l i m i t a t i o n s  ( s u b c a v i t a t i o n  c o n d i t i o n s ) .  

The problem of optimum design of a r e a l  i n s t a l l a t i o n  reduces t o  analyz­
i n g  a number of  v a r i a t i o n s  wi th  regard t o  the  favorable  shape f o r  t h e  flow 
s e c t i o n ,  i n t e r n a l  and b lade  l o s s e s  and t h e  maximum f e a s i b l e  values  of  u and 

m 
t h e  r a t i o  P 

1
/ P  

g ’  

1 4 1  



Fig. 5. Curves for Efficiency of 


Fig. 4. Curves for P
1

/ P  
g 
as a Function Gas-Hydrojet-Screw Installations 

as a Function o f  K :  1 ,  P /P = 
1 gof 0 at Various Values of K :  1, K = 

= 2 . 0 ;  2 ,  P /P  = 1.5; 3, P /P  =m 
= 1.0, U 

cr 
= 2 . 3 ;  2 ,  K = 0 . 5 ,  0 

cr 
--

= 1.0; 4, P 
1 

/P 
g 

= 0 .5 .  
1 g 

= 1 . 0 2 ;  3, K = 0 . 3 ,  uCr = 0.64;4, 1 g 

K = 0 . 2 ,  U = 0.4; 5 , K  = 0.1, 0 = cr c r  
= 0 . 2 .  
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O N  S E L E C T I N G  THE TYPE OF E N G I N E  FOR H I G H  SPEED S U B M A R I N E S  

V .  A .  Grigor 'yev 

ABSTRACT: T h e  a r t i c l e  conta ins  a b r i e f  survey of  non-
Sovie t  research on Water-steam rocket engines .  Problems 
of t h e  i n t e r n a l  b a l l  i s t i c s  of t h e  water-steam engine a r e  
formulated i n  t h e  general  ca se .  

Extensive r e s e a r c h  has  r e c e n t l y  been undertaken abroad on reducing t h e  /135 
drag and i n c r e a s i n g  t h e  v e l o c i t y  of  underwater v e h i c l e s ,  which involves  s o l v ­
i n g  t h e  problem of  s e l e c t i n g  a type of  engine.  The screw type of  propuls ion  
u n i t  i s  p r e f e r a b l e  f o r  v e l o c i t i e s  of  less than 90 k n o t s .  Coaxial  screws and 
screws i n  nozz les  have shown s a t i s f a c t o r y  r e s u l t s .  The h y d r o j e t  i s  considered 
as  t h e  next  s t e p  i n  t h e  des ign  of  compact propuls ion u n i t s .  

Considerable  a t t e n t i o n  i s  be ing  given t o  the  f e a s i b i l i t y  of  us ing  j e t  
engines on submarines,  Two types of  j e t  engines a r e  used:  those  which opera te  
without  using t h e  surrounding water  t o  produce t h r u s t ,  and h y d r o j e t  engines 
which o p e r a t e  with t h e  use  o f  t h e  surrounding water .  

A g r e a t  disadvantage of  j e t  engines which a r e  independent of  t h e  s u r ­
rounding water  is  t h e i r  extremely low t h r u s t  e f f i c i e n c y  (rind = 0,05 - 0 . 1 ) .  
I lydrojet  engines  have a h i g h e r  t h r u s t  e f f i c i e n c y  (Q = 0 . 7  - 0.8)  as compared 
with those  which a r e  independent o f  t h e  surroundingn(hedium. 

An i n t e r e s t i n g  problem i s  t h e  motion of  underwater bodies  i n  a c a v i t y .  
Under condi t ions  of completely developed c a v i t a t i o n ,  an underwater v e h i c l e  
should move wi th in  a c a v i t y  which c loses  behind the  v e h i c l e ;  t h e  v e h i c l e  would 
b e  c o n t r o l l e d  and s t a b i l i z e d  e i t h e r  by f o i l s  which extend beyond t h e  l i m i t s  o f  
t h e  c a v i t y  o r  by j e t  r u d d e r s ,  Developed c a v i t a t i o n  condi t ions  could b e  pro­
duced e i t h e r  a r t i f i c i a l l y  o r  by reaching high v e l o c i t i e s  (v  = 100 k n o t s ) ,  
which r e q u i r e s  tremendous expendi tures  of  energy. A j e t  engine i s  t h e  only 
power p l a n t  which could b e  considered f o r  motion of  a v e h i c l e  wi th in  a s t a b l e  
c a v i t y .  

Ordinary water hea ted  t o  t h e  s a t u r a t i o n  s t a t e  may b e  used t o  produce 
r e a c t i v e  t h r u s t  by escape o f  a j e t .  The o p e r a t i n g  p r i n c i p l e  o f  an engine of /136
t h i s  type i s  as  fo l lows .  A tank i s  f i l l e d  wi th  b o i l i n g  water a t  s a t u r a t i o n  
p r e s s u r e  P 

1 
and corresponding temperature  t 

1 
o r  wi th  co ld  water which i s  then 

h e a t e d ,  The b o i l i n g  water escapes through a nozzle  under s a t u r a t i o n  p r e s s u r e .  
The drop i n  p r e s s u r e  dur ing  escape of t h e  water causes v i o l e n t  formation of 
steam i n  t h e  j e t  nozz le .  I n  t h i s  case t h e r e  i s  a sharp  i n c r e a s e  i n  t h e  volume 
o f  t h e  steam, and t h e  h o t  water escaping through t h e  nozz le  takes  on p r o p e r t i e s  
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I 

similar t o  those  o f  an expanding g a s .  The water l o s e s  h e a t  o f  vapor i za t ion  r ,  
and thus t h e  temperature of t h e  water  drops t o g e t h e r  with t h e  p r e s s u r e  so  t h a t  
t h e  water  i s  cooled a t  t h e  nozz le  o u t l e t  t o  t h e  f i n a l  s t a t e  P 2 ,  t2. During 

escape of t h e  water, t h e  p r e s s u r e  i n  t h e  tank a l s o  drops which causes p a r t i a l  
l e v e l i n g  o f  t h e  wa te r  and a corresponding r educ t ion  i n  temperature .  Several  
types of  hot-water  rocke t s  have been pa ten ted  i n  West Germany, b u t  they have 
not  been used because of imperfect ions.  [ l ]  g ives  t h e  h i s t o r y  of  development 
of water-steam rocke t s  with a t h e o r e t i c a l  i n v e s t i g a t i o n  of  t h e  problem of 
using water  rocke t s  as boos te r s  during v e r t i c a l  t a k e o f f .  

The water-steam engine has a comparatively low s p e c i f i c  t h r u s t  (40-60 
kg-product  s ec /kg ) ,  b u t  t h i s  advantage i s  compensated by the  low c o s t  of  a 
u n i t  of t h r u s t .  I t  should be po in ted  ou t  t h a t  s t u d i e s  of water-steam engines 
a r e  i n  t h e  engineer ing s t a g e .  Problems of  t h e  hydrodynamics of  escape o f  t h e  
water-steam mixture ,  reduct ion i n  the  s p e c i f i c  t h r u s t  with a p r e s s u r e  drop i n  
the  t ank ,  t h e  i n c l i n a t i o n  of  b o i l i n g  water  t o  delay the  b o i l i n g  process  during 
expansion i n  t h e  nozzle  and i n  the  case o f  a phase displacement ,  e t c .  have not  
been s u f f i c i e n t l y  s t u d i e d  s i n c e  they have been c h i e f l y  solved experimental ly .  
The drop i n  p r e s s u r e  i n  t h e  tank as the  water  escapes PI(.) and t h e  reduct ion 

i n  temperature t 1( T )  cause a drop i n  t h r u s t  (F ig .  1 ) .  I t  has been proposed 

t h a t  t he  water be hea ted  under p r e s s u r e  t o  ba l ance  the  s p e c i f i c  t h r u s t  of  t he  
engine,  The F a i r c h i l d  Company (United S t a t e s )  has  proposed burning a s o l i d  
f u e l  i n s i d e  t h e  tank t o  compensate f o r  t he  h e a t  of  t h e  steam formation [ Z ] .  
Since t h e r e  have been no d a t a  on two-phase d i scha rge ,  h e a t  t r a n s f e r  during 
passage of  gases through t h e  water and h e a t i n g ,  t he  ope ra t ing  condi t ions of  
t he  engine have been experimental ly  determined. The e f f e c t  of  condensation 
d i s c o n t i n u i t y  on i t s  p o s i t i o n  and t h e  e f f i c i e n c y  of  t he  nozzle  have remained 
unexplained. 

2 

F i g .  2 .  

F i g .  1 .  The most complex problem is  determining 
the  s t a t e  of  t he  moving steam-water mixture.  
The Drocess of escape of t he  heated water  i s  

cha rac t e r i zed  by t h e  fundamental equat ions of  hydrodynamics and energy flow: 
equat ions of motion, equat ion o f  c o n t i n u i t y ,  equat ion of energy and equat ion 
of  s t a t e .  
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B a s i c a l l y ,  t h e r e  Is no d i f f e r e n c e  between t h e  molecular n a t u r e  of  adia­
b a t i c  steam formation and t h e  supply of  h e a t  through a w a l i .  The d i f f e r e n c e  
is t h a t  t h e  a d i a b a t i c  steam formation p rocess  i s  due t o  t h e  i n t e r n a l  h e a t  of 
t h e  f l u i d  l i b e r a t e d  with t h e  drop i n  p r e s s u r e .  I n  long n o z z l e s ,  t he  steam /137 
may be  formed with simultaneous n e a r l y  thermodynamic equ i l ib r ium of  t h e  steam-
l i q u i d  mixture.  TIYe degree o f  completion of t h e  process  of steam formation 
during escape o f  b o i l i n g  water  may be  cha rac t e r i zed  by the  r a t i o  of  t he  temp­
e r a t u r e  a t  t h e  o u t l e t  t o  t h e  b o i l i n g  temperature a t  t h e  f i n a l  p r e s s u r e  t 2/ tb '  

The vapor formed on t h e  s u r f a c e  of  t h e  j e t ,  as it moves along t h e  wa l l s  
of t h e  nozz le ,  l eads  t o  detachment o f  t h e  j e t  from the  w a l l .  A s  a r e s u l t ,  
t h e  c ros s - sec t ion  of  t h e  l i q u i d  decreases  with r e s p e c t  t o  t h e  length of  t he  
nozzle .  The flow i n  t h e  nozz le  i s  divided i n t o  a l i q u i d  f i l m  on t h e  wa l l  ( l ) ,  
a vapor r i n g  (2)  and a core of hea ted  water  ( 3 )  (Figure 2 ) .  

A s  t h e  heated water escapes,  i t  i s  necessary t o  account f o r  t h e  non­
uniformity i n  phase d i s t r i b u t i o n  with r e s p e c t  t o  the  c ros s - sec t ion  of  t h e  
nozz le ,  t h e  d i f f e r e n c e  i n  r e l a t i v e  v e l o c i t i e s  of f i l m ,  vapor and water  co re ,  
t h e  change i n  steam concen t r a t ion  x ,  t h e  p r e s s u r e  g rad ien t  with r e s p e c t  t o  the  
l eng th  of  t he  nozz le  dP/dZ, t he  a d i a b a t i c  exponent k (T ,x ) ,  t h e  Reynolds 
number, t h e  a r e a  F f / F  occupied by t h e  f i l m ,  t h e  s l i p  c o e f f i c i e n t  of  t h e  phases 

v = cZ / C  f and t h e  phase temperature  d i f f e r e n c e  AT. Thus i n  o rde r  t o  c lose  

t h e  given system of equa t ions ,  i t  i s  necessary t o  add an equat ion f o r  t he  
change i n  volumetr ic  concen t r a t ion  o f  t he  phases ,  an equat ion of phase velo­
c i t y  and an equat ion of  h e a t  i n t e r a c t i o n  between phases ,  

A s  has  been po in ted  o u t ,  t h e  tank i s  f i l l e d  with ho t  water  o r  with water 
which has been hea ted .  Even i n  t h e  most success fu l  experiments,  two hours 
were r equ i r ed  f o r  s t a r t i n g  the  eng ine ,  The use of hydro je t  f u e l  ( l i t h i u m ,  
potassium, sodium, e t c . )  has made i t  p o s s i b l e  t o  do away with the  b o i l e r  and 
h e a t e r .  Work along t h e s e  l i n e s  i s  being done by the  Aerojet  General Company 
i n  the  United S t a t e s .  Successful  r e sea rch  with hydro je t  f u e l s  has been ca r ­
r i e d  ou t  i n  I t a l y  [ 3 , 4 ] .  The chemical reagent  produced by r e a c t i o n  with t h e  /138 
water  i n  the  rocket  tank r a i s e s  i t s  temperature t o  300°C i n  0 . 3  s e c .  The 
use of  hydro je t  f u e l s  not  only e l i m i n a t e s  t h e  need f o r  b o i l e r s  and h e a t e r s ,  
b u t  r a i s e s  the  s p e c i f i c  t h r u s t  t o  360 dkN.sec/dkN. I n v e s t i g a t i o n s  o f  t h e  
t h e o r e t i c a l  fundamentals of  t h e  i n t e r n a l  b a l l i s t i c s  of  hydrochemical j e t  
engines have no t  been completed. P a r t i c u l a r  a t t e n t i o n  is  being given t o  ex­
periments and searches f o r  e f f e c t i v e  h i g h - c a l o r i e  hydro je t  f u e l s .  

By using t h e  equat ions o f  i n t e r n a l  b a l l i s t i c s - - t h e  equat ion of  energy 
t r ans fo rma t ion ,  t h e  equat ion o f  h y d r o j e t  f u e l  combustion, and the  equat ion of 
motion of t he  vehicle--we may exp la in  the  r e l a t i o n s h i p s  between t h e  components 
of i n t e r n a l  b a l l i s t i c s  (p re s su re  P ,  temperature t ,  volume V ,  c o e f f i c i e n t  of  
mass mixture m 1/ m  2 i n  t h e  mixing chamber, h e a t - t r a n s f e r  c o e f f i c i e n t ,  e t c . )  and 

e x t e r n a l  b a l l i s t i c s  ( v e l o c i t y  v ,  l eng th  o f  t he  pa th  L ,  t ime of  motion T )  o f  
t h e  v e h i c l e  as a whole, 
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ON EVALUATlNG THE T E C H N l C A L  AND E C O N O M t C  t N D r C E S  O F  ROCETa 

ABSTRACT : 
f u e l s  a r e  
f u e l s  has 
t h r u s t  of  
t i m e ,  t h e  
engine i s  

H Y D R A U L I C  TYPE HYDROJET E N G I N E S  

V .  A .  Grigor 'yev 

T h e  c a l c u l a t e d  c h a r a c t e r i s t i c s  of var ious  
compared. It i s  n o t e d  t h a t  t h e  u s e  o f  metal 
made i t  p o s s i b l e  to  increase  t h e  s p e c i f i c  
hydro je t  engines  by 30-40%. A t  t h e  same 
s p e c i f i c  fue l  c o n s u m p t i o n  f o r  a hydro je t  
40-50% less than t h a t  f o r  a ramjet engine .  

The use of  d i r e c t  r e a c t i o n  engines  makes i t  p o s s i b l e  t o  i n c r e a s e  t h e  /139 
v e l o c i t y  of  a v e h i c l e  i n  media wi th  d i f f e r e n t  d e n s i t i e s  (water, a i r ) .  I n  
analyzing t h e  power p l a n t  of  t h e  h e a t  engine and propuls ion  u n i t ,  p r i n c i p a l  
a t t e n t i o n  should b e  given t o  e v a l u a t i n g  t h i s  power p l a n t  as a propuls ion  u n i t .  

The i n d i c e s  of  t h e  power p l a n t  a r e  determined i n  t h e  absence o f  drag ;  
discharge of  t h e  combustion products  i s  c h a r a c t e r i z e d  by cons tan t  v e l o c i t y  vm 

and cons tan t  t h r u s t  P .  The p r i n c i p a l  c r i t e r i a  i n  comparing j e t  engines a r e  
t h e  s p e c i f i c  t h r u s t  p ,  t h e  o v e r - a l l  e f f i c i e n c y  r) and t h e  s p e c i f i c  f u e l  con­

0 
sumption C 

SP 
. 

Table 1 summarizes t h e  r e s u l t s  of comparative c a l c u l a t i o n s  which may be 
used f o r  f i r s t -approximat ion  e v a l u a t i o n  of  p f o r  s e v e r a l  types of  f u e l s  under 
condi t ions  of  an i d e a l  cycle  ( t o t a l  combustion, absence of  d i s s o c i a t i o n ,  t h e  
process  of  expansion and exhaust  conforming t o  i s e n t r o p i c  law).  By using 
metal a s  a f u e l ' ,  t h e  s p e c i f i c  t h r u s t  may b e  increased  by 30-40% as  compared 
with l i q u i d  f u e l s .  

The thermal e f fec t  of  t h e  r e a c t i o n  of  metal ox ida t ion  determined by Hess 
law is  equal t o  t h e  sum of  t h e  h e a t s  o f  formation of  t h e  f i n a l  products  of  t h e  
r e a c t i o n  minus t h e  sum of  t h e  h e a t s  of  formation o f  t he  i n i t i a l  subs tances :  

~~..- . . - . . . . . . .  ~. . .  ._ 

'The i d e a  of  using metal f u e l s  i n  j e t  engines was f i r s t  proposed by F .  A .  
Tsander i n  a l e c t u r e  given i n  December 1923 a t  a meeting o f  a s e c t i o n  of  t h e  
Moscow S o c i e t y  of Astronomy Amateurs ("Tekhnika i zhizn '" ,  No. 23,  2 9 2 4 ) .  

147 



Table. 


-. 

Type o f  

Fue 1 


S o l i d  Fuel 
Ethyl A1 coho1 
plus Oxygen 

A1 uminum 


A1 umi n u m  


Zirconium 


Magnes i u m 
Magnes i um iL i t h i u m  I 
L i t h  i urn 
Sod i u m 
Sod i um 

Properties o f  Various Types o f  Fuel 

Reaction 
P roducts 

w 0
3 	 > 0 

c 

1 

w.- w.- a,> 
C c 
3 3 w 

w 
u 
0 

0 
0 

L 
a, 

L 
a, 

m 
3 
m 

Q a L 
X.-0, 

w 
n 

w w w W a,
3 .-c .-C 	 m m 

a, a, c 

L a 0 0 1 
W 
L ma 

m C Y  , .-u 
c GI GI React i on O \3 u .-C .-C .- c 

w m  a, w 7 Equat i on u u  
7 c .- m 2  a, 0 a,m ,z- I ' 1­

!IC12 
lI"2 

1 3  ' 1372 
173 ' 1372 

90,7 S@'3 
" ) , 7  , :P3 

I 



where AHform is  t h e  h e a t  of  formation o f  t h e  substance;  x i s  t h e  valence o f  

t h e  metal; y i s  t h e  number of  excess moles o f  water; n = 2 corresponds t o  an 
odd metal valence;  n = 1 corresponds t o  an even metal valence.  

Let us no te  t h a t  d i s s o c i a t i o n  i s  observed with r e t a r d a t i o n  o f  t h e  chemi- 1141 
C a l  r e a c t i o n  when T 2 2,000”K. A s  t h e  flow expands, d i s s o c i a t i o n  is  followed 
by recombination, a s s o c i a t i o n  of  t h e  molecules,  i .e .  t h e  appearance of  p a i r e d  
s t r u c t u r e d  molecules,  and then condensation. A l l  t h i s  d i s t i n g u i s h e s  t h e  r e a l  

rocess  from t h e  i d e a l  p r o c e s s ,  Losses i n  the real cycle a r e  cha rac t e r i zed  
%y t h e  i n t e r n a l  e f f i c i e n c y :  . 

- * 
‘ i n  - ‘ I thnreacrl mech rl mix 

I n  t h i s  pape r ,  only the  thermal e f f i c i e n c y  qth  i s  taken i n t o  account i n  

c a l c u l a t i n g  t h e  i d e a l  engine.  

The hea t  l i b e r a t e d  a f t e r  t h e  metal f u e l  mass m i s  r eac t ed  with t h e  ox­1 
i d i z e r  ( i n t a k e  water) mass m 2 may be t r a n s f e r r e d  t o  an a d d i t i o n a l  mass of i n ­

t ake  water  m 3’  which r a i s e s  t h e  thermal e f f i c i e n c y  of t h e  cyc le .  The i n c r e a s e  

i n  11t h  i s  explained by the  i n c r e a s e  i n  the  s p e c i f i c  vapor concentrat ion i n  the  

r e a c t i o n  p roduc t s ,  t h e  r educ t ion  i n  molecular h e a t  P C  and t h e  consequent
P’ 

r educ t ion  i n  t h e  a d i a b a t i c  exponent k = pc /pc  . 
P V 

The r e s u l t s  of c a l c u l a t i o n s  of t he  parameters of j e t  engines which use 
products  of t h e  r e a c t i o n  H g + yH 20 as t h e  working medium are shown i n  Figures 

1 and 2 f o r  va r ious  va lues  of  t h e  c o e f f i c i e n t  o f  excess i n t a k e  water  k 
2 = m3/ 

/ m 2  * 

The hydro je t  t h r u s t  f o r  t h e  t h e o r e t i c a l  ope ra t ing  s t a t e  of a nozzle  with 
regard t o  t h e  s t o i c h i o m e t r i c  c o e f f i c i e n t  k 1 = m 2/ m  1 w i l l  b e  
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Fig. 1 .  Curves f o r  t h e  Thermodynamic C h a r a c t e r i s t i c s  of  a Hydrojet Engine 
as  a F u n c t i o n  of  t h e  C o e f f i c i e n t  o f  Excess Intake Water k, ( 5 0 : l ) .

L 

C 
P 

Fig. 2 .  Curves f o r  S p e c i f i c  T h r u s t ,  S p e c i f i c  F u e l  Consumption and Eff ic iency  
of a Hydrojet Engine a s  F u n c t i o n s  o f  t h e  C o e f f i c i e n t  of Excess Intake Water 
k2  ( 5 0 : l ) .  

In  analyzing a hydro je t  engine,  i t  i s  p r e f e r a b l e  t o  consider  n o t  only /142 
the  s p e c i f i c  t h r u s t  of t h e  engine,  i . e .  t h e  r a t i o  o f  t h e  t h r u s t  t o  t h e  con­
sumption of  working mass p e r  second Pw” 

b u t  a l s o  t h e  r a t i o  o f  t h e  t h r u s t  t o  

t h e  combustible mass comb ’ and t o  t h e  f u e l  mass p f :  
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Thus as  t h e  a d d i t i o n a l  mass o f  i n t a k e  water  i n c r e a s e s ,  t h e  combustible 
mass p comb i n c r e a s e s  while  t h e  s p e c i f i c  t h r u s t  o f  t h e  engine pw . m .  dec reases .  

The s p e c i f i c  f u e l  consumption cf i s  2 . 5  kg/kg*sec a t  l a r g e  values  o f  k 2 ,  i . e .  

t h i s  type o f  engine i s  economically s u p e r i o r  t o  a r amje t .  
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ON C A L C U L A T I N G  PRESSURE E N E R G Y  DIFFUSION I N  A FLOW WITH SHEAR 

Ye. V .  Yeremenko 

ABSTRACT: A n  approximating expression is  found f o r  c a l ­
c u l a t i n g  p res su re  energy d i f f u s i o n  with regard t o  t h e  
f i n i t e n e s s  of space.  

The p u l s a t i o n  energy balance equat ion is  u t i l i z e d  i n  the  semi-empirical  /143 
theory of  turbulence proposed by A .  N .  Kolmogorov [3]  which was developed 
and used by o t h e r  au tho r s  f o r  c a l c u l a t i n g  flows with s h e a r .  The d i f f u s i o n  
term of  t h i s  equat ion 

inc ludes  t r a n s f e r  o f  k i n e t i c  energy of  t u rbu lence  E under t h e  e f f e c t  o f  
v i s c o s i t y  ( f i r s t  term of t h e  expres s ion ) ,  t u r b u l e n t  d i f f u s i o n  of  k i n e t i c  
energy (second term of t h e  expression)  and p r e s s u r e  energy d i f f u s i o n  ( t h i r d  
term of  the  expres s ion ) .  

Various methods a r e  used by authors  i n  t h e i r  c a l c u l a t i o n s  t o  account 
f o r  t h e  d i f f u s i o n  term, I n  examining the  ground l a y e r  of  t he  atmosphere, 
A .  S .Monin [4]  considered only t h e  second term--turbulent  d i f f u s i o n  of  
k i n e t i c  energy--since t h e  remaining terms were van i sh ing ly  small. I n  G .  S .  
Glushko’s pape r  [I] d e a l i n g  with c a l c u l a t i o n  of the boundary l a y e r ,  t h e  
second and t h i r d  terms of t h e  expression a r e  considered j o i n t l y  and approxi­
mated i n  t h e  form 

where v r  i s  a c o e f f i c i e n t  of t h e  t u r b u l e n t  v i s c o s i t y  type .  

This type of  approximation f o r  t h e  d i f f u s i o n  of  k i n e t i c  energy and the  
d i f f u s i o n  of  p r e s s u r e  energy i s  f r equen t ly  used [ 8 ] .  However, A .  A .  Town-
send [6J noted t h a t  although both t h e s e  terms a r e  important  f o r  energy /144 
t r a n s f e r  from one s e c t i o n  of t h e  flow t o  ano the r ,  t h e  second term of  t h e  
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express ion  i s  l o c a l  whi1.e t h e  t h i r d  i s  determined by t h e  e n t i r e  flow as  a 
whole, and t h e r e  i s  not  n e c e s s a r i l y  any d i r e c t  r e l a t i o n s h i p  between them. 

Thus, t h e r e  are s u f f i c i e n t  grounds f o r  cons ider ing  these  terms independ­
e n t l y  o f  one another ,  P o t t a l  [lo] i s o l a t e d  terms as soc ia t ed  wi th  p u l s a t i o n  
p res su re  i n  record ing  t h e  energy 'valence by components, and considered t h e  
c o r r e l a t i o n  between p r e s s u r e  and v e l o c i t y  f o r  an i n f i n i t e  reg ion .  According 
t o  experimental  d a t a  given by Laufer [SI, pres su re  energy d i f f u s i o n  i n  t h e  
g r e a t e r  p a r t  o f  t h e  flow ad jacen t  t o  t h e  wal l  has  an o r d e r  ident i . ca1  t o  t h a t  
of  k i n e t i c  energy d i f f u s i o n ,  where t h e  s i g n s  of  t h e  corresponding terms a r e  
oppos i te  t o  one another .  This  shows t h e  s i g n i f i c a n c e  o f  p re s su re  energy 
d i f f u s i o n  and t h e  d i f f e r e n c e  between t h i s  type of  d i f f u s i o n  and t h a t  o f  t h e  
k i n e t i c  energy of  t u rbu lence ,  We may assume t h a t  t h e  d e r i v a t i o n  of  an ap­
proximating express ion  f o r  p r e s s u r e  energy d i f f u s i o n  w i l l  make i t  p o s s i b l e  
t o  improve t h e  accuracy of  computations i n  semi-empir ical  t heo ry .  

Applying t h e  ope ra t ion  of divergence t o  Navier-Stokes equa t ions ,  t h e  
p u l s a t i o n  p res su re  i n  an incompressible  f l u i d  may b e  w r i t t e n  [ l o ]  i n  t h e  
form 

where U ,  u a r e  t h e  average and the  p u l s a t i o n  v e l o c i t i e s ,  r e s p e c t i v e l y ;  p i s  
t h e  ins tan taneous  va lue  of  t h e  p u l s a t i o n  p r e s s u r e .  

Expression (1) i s  a Poisson equat ion  which may be p re sen ted  i n  a more 
compact form: 

The s o l u t i o n  of equat ion  (2) f o r  i n f i n i t e  space with t h e  use of t h e  
condi t ion  a t  i n f i n i t y  p = 0 g ives  [7]  

(31 
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where r i s  t h e  r a d i u s  v e c t o r  of t h e  given p o i n t  i n  space; 

We rep resen t  t h e  d e r i v a t i v e  aU./ax k appearing i n  formula (l), as t h e  /145i 
Taylor  series 

We s u b s t i t u t e  t h e  value of  t he  func t ion  f ( r ,  r ' ,  t )  i n  expression (3) .  We 
mult iply both members of  equat ion ( 3 )  by u ( r ,  t )  and d i f f e r e n t i a t e  with r e ­m 
s p e c t  t o  x m , Then t a k i n g  t h e  s t a t i s t i c a l  average of t h e  r e s u l t  and ca r ry ing  

out  summation with r e s p e c t  t o  m ,  we g e t  an expression f o r  p r e s s u r e  energy 
d i f f u s i o n  i n  t h e  form of  a s e r i e s :  

0 ,  I '  I [ I 8  (4) 

In t h i s  equat ion 
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where t h e  c o r r e l a t i o n  func t ion  

However, cons ide ra t ion  of  an i n f i n i t e  region does n o t  f u l l y  correspond 
t o  t h e  r e a l  cond i t ions  of  motion o f  a flow with s h e a r .  The formal r e s u l t  of  
accounting f o r  t h e  f i n i t e n e s s  o f  space i n  formula (5) i s  t o  change t h e  l i m i t s  
of  i n t e g r a t i o n  and t h e  Green's f u n c t i o n s .  

In  a c t u a l i t y ,  t h e  s o l u t i o n  of  equat ion (2) f o r  a ha l f - space  may be  
w r i t t e n  i n  the  form [9 ]  

where 

/ 146 

The boundary cond i t ion  (dp = O)/(ax3/x3 = 0) i s  used i n  d e r i v a t i o n  of 

equat ion (6) I Equation (2)  may be solved not only f o r  a region bounded by 
a s i n g l e  impermeable s u r f a c e ,  b u t  f o r  two such s u r f a c e s  (p re s su r i zed  motion 
of  a p l a n e / p a r a l l e l  flow) o r  f o r  a f r e e  s u r f a c e .  The boundary condi t ion on 
a f r e e  s u r f a c e  i s  p = 0 (x3 = h ) .  Let us s e l e c t  p o i n t s  o u t s i d e  the  region 

which w i l l  b e  t h e  mi r ro r  r e f l e c t i o n  o f  t h e  given p o i n t  (x10' x20'  x30) with 
r e s p e c t  t o  an impermeable bottom and t h e  free s u r f a c e .  With mul t ip l e  r e ­
f l e c t i o n  of t h e s e  p o i n t s  and a p p l i c a t i o n  of  t h e  Green's formula 
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to t h e  given r eg ion  ( fo r  p o i n t s  l y i n g  o u t s i d e  t h e  given region,  t he  l e f t -
hand member o f  equat ion (7) i s  equal  t o  z e r o ) ,  we add and s u b t r a c t  equat ion 
(7)  with expres s ions  f o r  t h e  p o i n t s  o u t s i d e  t h e  r eg ion  with regard t o  t h e  
boundary cond i t ions  

t o  give 

where t h e  Green's func t ion  

Hence t h e  gene ra l  form of expression (4)  w i l l  not  change when the  f i n i t e ­
ness  of the region i s  taken i n t o  account,  al though l i m i t a t i o n  of t he  region 
o f  i n t e g r a t i o n  i n  equa t ions  (5) modifies t h e s e  formulas t o  g ive  /147  

Since t h e  form of t h e  c o r r e l a t i o n  func t ion  is no t  known beforehand, we 
assume t h a t  t h e  t u r b u l e n t  c h a r a c t e r i s t i c s  nay be expressed i n  terns o f  E and 
some i n t e g r a l  s c a l e  L .  With regard t o  expression ( l o ) ,  we f i n d  t h a t  A should 
b e  a func t ion  o f  E ,  L and h .  
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L e t  u s . c o n s i d e r  on ly  p l a i n - p a r a l l e l  flows i n  t h e  case o f  smoothly 
changing motion where 

L e t  us l i m i t  ou r se lves  t o  t h e  f i rs t  term of t h i s  s e r i e s  and use con­
s i d e r a t i o n s  of d imens iona l i ty  f o r  approximation. Taking account of t h e  co­
e f f i c i e n t  H in t roduced  by G .  S .  Glushko [l] f o r  c o r r e c t i n g  t h e  va lues

'RE)
of the  c o e f f i c i e n t  of t u r b u l e n t  v i s c o s i t y  v t  = aH(REIL& i n  t h e  reg ion  

nea r  t h e  w a l l  and t a k i n g  A:3 as p ropor t iona l  t o  E(a'h-b'L) , which guarantees  

convergence of  the  s e r i e s  wi th  r ega rd  t o  most of the  terms, we g e t  

In  de r iv ing  equat ion  [12), a two-layer flow system was considered and 
I .  K.  N i k i t i n r s  d a t a  [SI were used f o r  c a l c u l a t i n g  

where U, i s  dynamic v e l o c i t y .  The express ion  f o r  determining t h e  va lue  of 

E is given i n  [ 2 ] .  The e x t e n t  t o  which equat ion  (12) corresponds t o  
Laufer 's  experimental  d a t a  i s  shown i n  the  Table. 

In  express ion  (12), t h e  c o e f f i c i e n t s  a = 0.13,  b = 0.0073, and t h e  
c o e f f i c i e n t  H(Re) which depends on t h e  Reynolds number f o r  tu rbulence  

Re = L m v was c a l c u l a t e d  from formulas given i n  [l] where Reo = 22.0 .  

157 




r n n .  r 

2 cm
E '  -2 a2u, 1 

I___­

sec 2 ' cm-sec ax3 

- ----------.+ h, L4------­


10 546 --9960.5 
20 713 -1414,z 6:8@0 

30 671 --575,5 10380 

40 636 -297.5 2650 
0

60 4s9 -87.8 -290 
I 
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